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Quand sur I’Arbre de la Connaissance
une idée est assez miire, quelle volupté
de s’y insinuer, d’y agir en larve,

et d’en précipiter la chute!

(Cioran, Syllogismes de amertume,
[11, p. 145])

Editorial Introduction

Daniel Alpay

This volume contains a selection of papers on the topics of Clifford analysis and
wavelets and multiscale analysis, the latter being understood in a very wide sense.
That these two topics become more and more related is illustrated for instance
by the book of Marius Mitrea [19]. The papers considering connections between
Clifford analysis and multiscale analysis constitute more than half of the present
volume. This is maybe the specificity of this collection of articles, in comparison
with, for instance, the volumes [12], [7], [13] or [18].

The theory of wavelets is mathematically rich and has many practical appli-
cations. From a mathematical point of view it is fascinating to realize that most,
if not all, of the notions arising from the theory of analytic functions in the open
unit disk (in another language, the theory of discrete time systems) have coun-
terparts when one replaces the integers by the nodes of a homogeneous tree. For
a review of the mathematics involved we recommand the paper of G. Letac [16].
More recently, and motivated by the works of Basseville, Benveniste, Nikoukhah
and Willsky (see [6], [8], [5]) the editor of this volume together with Dan Volok
showed that one can replace the complex numbers by a C*-algebra built from the
structure of the tree, and defined point evaluations with values in this C*-algebra
and a corresponding “Hardy space” in which Cauchy’s formula holds. The point
evaluation could be used to define in this context the counterpart of classical no-
tions such as Blaschke factors. See [3], [2]. Applications include for instance the
FBI fingerprint database, as explained in [15] and recalled in the introduction of
the paper of Duktay and Jorgensen in the present volume, and the JPEG2000
image compression standard.

It is also fascinating to realize that a whole function theory, different from
the classical theory of several complex variables, can be developed when (say,
in the quaternionic context) one considers the hypercomplex variables and the
Fueter polynomials and the Cauchy—Kovalevskaya product, in place of the classical
polynomials in three independent variables; see [10], [14]. Still, a lot of inspiration
can be drawn from the classical case, as illustrated in [1].
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The volume consists of eight papers, and we now review their contents:

Classical theory: The theory of second order stationary processes indexed by the
nodes of a tree involves deep tools from harmonic analysis; see [4], [9]. Some of
these aspects are considered in the paper of H. Heyer, Stationary random fields
over graphs and related structures. The author considers in particular Karhunen—
type representations for stationary random fields over quotient spaces of various
kinds.

Nonlinear aspects: In the paper Teodorescu transform decomposition of multivec-
tor fields on fractal hypersurfaces R. Abreu-Blaya, J. Bory-Reyes and T. Moreno-
Garcia consider Jordan domains with fractal boundaries. Clifford analysis tools
play a central role in the arguments. In Methods from multiscale theory and
wavelets applied to nonlinear dynamics by D. Dutkay and P. Jorgensen some new
applications of multiscale analysis are given to a nonlinear setting.

Numerical computational aspects: In the paper A Hierarchical semi-separable
Moore—Penrose equation solver, Patrick Dewilde and Shivkumar Chandrasekaran
consider operators with hierarchical semi-separable (HSS) structure and consider
their Moore—Penrose representation. The HSS forms are close to the theory of sys-
tems on trees, but here the multiresolution really represents computation states.
In the paper Matrix representations and numerical computations of wavelet mul-
tipliers, M.W. Wong and Hongmei Zhu use Weyl-Heisenberg frames to obtain
matrix representations of wavelet multipliers. Numerical examples are presented.

Connections with Clifford analysis: Such connections are studied in the paper
Metric Dependent Clifford Analysis with Applications to Wavelet Analysis by F.
Brackx, N. De Scheppe and F. Sommen and in the paper Clifford algebra-valued
Admissible Wavelets Associated to more than 2-dimensional Euclidean Group with
Dilations by J. Zhao and L. Peng, the authors study continuous Clifford algebra
wavelet transforms, and they extend to this case the classical reproducing kernel
property of wavelet transforms; see, e.g., [17, p. 73] for the latter.

Connections with operator theory: G. Gustafson, in noncommutative trigonome-
try, gives an account of noncommutative operator geometry and its applications
to the theory of wavelets.
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Teodorescu Transform Decomposition of
Multivector Fields on Fractal Hypersurfaces

Ricardo Abreu-Blaya, Juan Bory-Reyes and Tania Moreno-Garcia

Abstract. In this paper we consider Jordan domains in real Euclidean spaces
of higher dimension which have fractal boundaries. The case of decomposing
a Holder continuous multivector field on the boundary of such domains is
obtained in closed form as sum of two Holder continuous multivector fields
harmonically extendable to the domain and to the complement of its closure
respectively. The problem is studied making use of the Teodorescu transform
and suitable extension of the multivector fields. Finally we establish equivalent
condition on a Holder continuous multivector field on the boundary to be the
trace of a harmonic Hélder continuous multivector field on the domain.

Mathematics Subject Classification (2000). Primary: 30G35.

Keywords. Clifford analysis, Fractals, Teodorescu-transform.

1. Introduction

Clifford analysis, a function theory for Clifford algebra-valued functions in R™
satisfying Du = 0, with D denoting the Dirac operator, was built in [10] and at
the present time becomes an independent mathematical discipline with its own
goals and tools. See [12, 18, 19] for more information and further references.

In [2, 3, 17], see also [4, 8] it is shown how Clifford analysis tools offer a lot
of new brightness in studying the boundary values of harmonic differential forms
in the Hodge-de Rham sense that are in one to one correspondence with the so-
called harmonic multivector fields in R™. In particular, the case was studied of
decomposing a Holder continuous multivector field Fj, on a closed (Ahlfors-David)
regular hypersurface I', which bounds a domain Q C R", as a sum of two Holder
continuous multivector fields Fi© harmonically extendable to Q and R™ \ (QUT)
respectively. A set of equivalent assertions was established (see [2], Theorem 4.1)
which are of a pure function theoretic nature and which, in some sense, are replac-
ing Condition (A) obtained by Dynkin [13] in studying the analogous problem for
harmonic k-forms. For the case of C*°-hypersurfaces ¥ and C°°-multivector fields
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Fy, it is revealed in [3] the equivalence between Dynkin’s condition (A) and the
so-called conservation law ((CL)-condition)

00, Fy = Fy0, v, (1)

where v denotes the outer unit normal vector on 3 and d,, stands for the tangential
Dirac operator restrictive to X.

In general, a Holder continuous multivector field Fy admits on I' the previ-
ously mentioned harmonic decomposition if and only if

HyFy, = F. Hr, (2)

where Hr denotes the Hilbert transform on I'

Hyu(z) A{/wfﬂn y)(uly) — ul@))dH" (y) + u(x)

The commutation (2) can be viewed as an integral form of the (CL)-condition.
Moreover, a Holder continuous multivector field Fj is the trace on I' of a harmonic
multivector field in Q if and only if HrFy = Fj. An essential role in proving the
above results is played by the Cliffordian Cauchy transform

Cu(x) : Al/@fxw Ju(y)dH" (y)

and, in particular, by the Plemelj-Sokhotski formulas, which are valid for Holder
continuous functions on regular hypersurfaces in R™, see [1, 6].

The question of the existence of the continuous extension of the Clifford—
Cauchy transform on a rectifiable hypersurface in R™ which at the same time sat-
isfies the so-called Ahlfors—David regularity condition is optimally answered in [9].

What would happen with the above-mentioned decomposition for a continu-
ous multivector field if we replace the considered reasonably nice domain with one
which has a fractal boundary?

The purpose of this paper is to study the boundary values of harmonic multi-
vector fields and monogenic functions when the hypersurface I is a fractal. Fractals
appear in many mathematical fields: geometric measure theory, dynamical system,
partial differential equations, etc. For example, in [25] some unexpected and in-
triguing connections has been established between the inverse spectral problem for
vibrating fractal strings in R™ and the famous Riemann hypothesis.

In this paper we treat mainly four kinds of problems: Let 2 be an open
bounded domain of R™ having as a boundary a fractal hypersurface I'.

I) (Jump Problem) Let u be a Hélder continuous Clifford algebra-valued func-
tion on I'. Under which conditions can one represent u as a sum

u=U"+U", (3)

where the functions U* are monogenic in Q := Q and Q_ := R"\  respec-
tively?
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II) Let u be a Hoélder continuous Clifford algebra-valued function on I'. Under
which conditions is u the trace on I' of a monogenic function in Q47

IIT) (Dynkin’s type Problem) Let Fj, be a Holder continuous multivector field on
I'. Under which conditions Fj can be decompose as a sum

F,=Ff+F_, (4)

where F; ki are harmonic multivector fields in )4, respectively?
IV) Let F), be a Hélder continuous multivector field on I". Under which conditions
is F} the trace on I' of a harmonic multivector field in Q47

2. Preliminaries

We thought it to be helpful to recall some well-known, though not necessarily
familiar basic properties in Clifford algebras and Clifford analysis and some basic
notions about fractal dimensions and Whitney extension theorem as well.

2.1. Clifford algebras and multivectors

Let R%™ (n € N) be the real vector space R" endowed with a non-degenerate
quadratic form of signature (0,n) and let (e;)}_; be a corresponding orthogonal
basis for R%™. Then Ro,n, the universal Clifford algebra over R%" is a real linear
associative algebra with identity such that the elements e;, j = 1,...,n, satisfy
the basic multiplication rules

eg=-1,j=1,....n

€i€j +€j6i = O, Z?éj
For A = {i1,...,ix} C {Ll,...,n} with 1 < i3 < iy < -+ < i < n, put e4 =
ei, €, - €, while for A = 0, ey = 1 (the identity element in Ry ). Then (e4 :

A C{l,...,n})is abasis for Ry ,. For 1 < k < n fixed, the space Rgfz of k vectors
or k-grade multivectors in Ry ,, is defined by

]RE)I;)L = spang(ea : |A| = k).
Clearly
RO,n = Z @R(()l;)l
k=0
Any element a € Ry ,, may thus be written in a unique way as
a=[alo+a]y +--- +a]n

where [|x : R, — R((]I?L denotes the projection of Ry, onto Rﬁ’n. Notice that for
any two vectors x and y, their product is given by

TYy=xeYy+rT Ny
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where
1 n
vey=(xy+yr) = —Z;wjyj
j=

is — up to a minus sign — the standard inner product between x and y, while

1
T Ay = 2(xy —yx) = ;eiej(xiyj — Z;Y;)

represents the standard outer product between them.

More generally, for a 1-vector x and a k-vector Y}, their product xY} splits
into a (k — 1)-vector and a (k 4 1)-vector, namely:

Yy = [2Yi]e—1 + [Y]pt1
The inner and outer products between x and Y} are then defined by
x oY, =[zYi]k—1 and x A Yy = [2Yk]k+1- (5)

For further properties concerning inner and outer products between multivectors,
we refer to [12].

2.2. Clifford analysis and harmonic multivector fields

Clifford analysis offers a function theory which is a higher dimensional analogue
of the function theory of holomorphic functions of one complex variable.

Consider functions defined in R", (n > 2) and taking values in the Clifford
algebra Rg . Such a function is said to belong to some classical class of functions
if each of its components belongs to that class.

In R™ we consider the Dirac operator:

D= zn: ejawj,
j=1

which plays the role of the Cauchy Riemann operator in complex analysis.

Due to D? = —A, where A being the Laplacian in R” the monogenic functions
are harmonic.

Suppose 2 C R" is open, then a real differentiable Ry ,-valued function f
in Q is called left (right) monogenic in  if Df = 0 (resp. fD = 0) in Q. The
notion of left (right) monogenicity in R™ provides a generalization of the concept
of complex analyticity to Clifford analysis.

Many classical theorems from complex analysis could be generalized to higher
dimensions by this approach. Good references are [10, 12]. The space of left mono-
genic functions in 2 is denoted by M (). An important example of a two-sided
monogenic function is the fundamental solution of the Dirac operator, given by

1 x

e(r) = Ay | x € R™\ {0}.
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Hereby A, stands for the surface area of the unit sphere in R™. The function
e(x) plays the same role in Clifford analysis as the Cauchy kernel does in complex
analysis.

Notice that if F} is a k-vector-valued function, i.e.,

Iy, = E eaFy.a,
|A|=k

then, by using the inner and outer products (5), the action of D on F} is given by
DF, =DeF, +DANEF; (6)

k(k+1)

As DFy, = F;, D with D= —D and F, = (—1) 2 " F}, it follows that if F}, is left
monogenic, then it is right monogenic as well. Furthermore, in view of (6), Fj is
left monogenic in € if and only if F} satisfies in 2 the system of equations
De Fk =0
B (7)
DA F,=0.
A E-vector-valued function Fj, satisfying (7) in 2 is called a harmonic (k-grade)
multivector field in €.

The following lemma will be much useful in what follows.

Lemma 2.1. Let u be a real differentiable Rg ,-valued function in Q admitting the

decomposition
n

u = Z[u]k
k=0
Then u is two-sided monogenic in  if and only if [u]k is a harmonic multivector
field in Q, for each k =0,1,...,n.

2.3. Fractal dimensions and Whitney extension theorem

Before stating the main result of this subsection we must define the s-dimensional
Hausdorff measure. Let E C R™ then the Hausdorff measure H*(E) is defined by

oo
H*(E) := gi_r% inf{Z(diam Bi)?: E C Uy By, diam By, < 5},
k=1
where the infimum is taken over all countable d-coverings { By} of E with open or
closed balls. Note that H™ coincides with the Lebesgue measure £" in R™ up to a
positive multiplicative constant.

Let E be a bounded set in R™. The Hausdorff dimension of E, denoted by
H(E), is the infimum of the numbers s > 0 such that H*(E) < co. For more details
concerning the Hausdorff measure and dimension we refer the reader to [14, 15].
Frequently, see [25], the box dimension is more appropriated dimension than the
Hausdorff dimension to measure the roughness of E.

Suppose M denotes a grid covering R™ and consisting of n-dimensional
cubes with sides of length 1 and vertices with integer coordinates. The grid My, is
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obtained from Mg by division of each of the cubes in My into 2% different cubes
with side length 27%. Denote by Ni(E) the minimum number of cubes of the grid
M, which have common points with E.

The box dimension (also called upper Minkowski dimension, see [20, 21, 22,
23]) of E C R™, denoted by M(E), is defined by

M(E) = limsup log Nk(E),
if the limit exists.

The box dimension and Hausdorf{f dimension can be equal (e.g., for the so-
called (n — 1)-rectifiable sets, see [16]) although this is not always valid. For sets
with topological dimension n — 1 we have n — 1 < H(E) < M(E) < n. If the set E
has H(E) > n — 1, then it is called a fractal set in the sense of Mandelbrot.

Let E C R™ be closed. Call C%"(E),0 < v < 1, the class of Rg,-valued
functions satisfying on E the Holder condition with exponent v.

Using the properties of the Whitney decomposition of R™ \ E (see [26], p.
174) the following Whitney extension theorem is obtained.

Theorem 2.1 (Whitney Extension Theorem). Let u € CO¥(E),0 < v < 1. Then
there erists a compactly supported function i € CO"(R™) satisfying

(i) 4l = ule,

(ii) @ € Cx(R™\ E),

(iii) |Di(x)| < Cdist(x, E)*~! for x e R*\ E

3. Jump problem and monogenic extensions

In this section, we derive the solution of the jump problem as well as the problem
of monogenically extension of a Holder continuous functions in Jordan domains.
We shall work with fractal boundary data. Recall that €2 C R™ is called a Jordan
domain (see [21]) if it is a bounded oriented connected open set whose boundary
is a compact topological hypersurface.

In [22, 23] Kats presented a new method for solving the jump problem, which
does not use contour integration and can thus be used on nonrectifiable and frac-
tal curves. A natural multidimensional analogue of such method was adapted im-
mediately within Quaternionic Analysis in [1]. Continuing along the same lines a
possible generalization for n > 2 could also be envisaged. The jump problem (3) in
this situation was considered by the authors in [6, 7]. They were able to show that
for u € C%¥(T), when the Hélder exponent v and the box dimension m := M(T)
of the surface I' satisfy the relation

m
v> (8)

then a solution of (3) can be given by the formulas

Ut (z) = a(z) + ToDu(z), U™ (z) = ToDiu(x)
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where 7g, is the Teodorescu transform defined by

Too(a) = — / e(y — 2)o(y)dL" ().

Q

For details regarding the basic properties of Teoderescu transform, we refer the
reader to [19].

Tt is essential here that under condition (8) D(alq) is integrable in © with
any degree not exceeding 7~ (see [7]), i.e., under condition (8) it is integrable
with certain exponent exceeding n. At the same time, 7oDu satisfies the Holder
condition with exponent 1 — 7. Therefore we have 7oDt € CY#(R™) with

nv—m
< .
n—m
When condition (8) is violated then some obstructions can be constructed as we
shall see through an example in Section 5.

In the sequel we assume v and m to be connected by (8). We now return
to the problem (II) of extending monogenically a Holder continuous Ry ,-valued
function.

For the remainder of this paper let Q2 := Q, be a Jordan domain in R™ with
boundary I' := 0Q4, by 2_ we denote the complement domain of Q4 UT.

Let u € C%(T). If T is some kind of reasonably nice boundary, then the
classical condition Hru = u (Hru = —u) is sufficient (and in this case also neces-
sary!) for u to be the trace of a left monogenic function in Q4 (2_). Of course, if
T is fractal, then the operator Hr loses its usual meaning but the problem (II) re-
mains still meaningful. The key idea here is to indicate how the Hilbert transform
could be replaced by the restriction to I' of the Teodorescu transform so that the
letter plays similar role of the former 7q, , but the restriction to I' of the last one
is needed. Obviously our situation is much more general and seems to have been
overlooked by many authors.

Theorem 3.1. Let u € C%¥(T). If u is the trace of a function U € C% (2, UT) N
M), then

Ta, Diilr = 0 (9)

Conversely, if (9) is satisfied, then u is the trace of a function U € CO*(QUT)N
M), for some pp < v.

Proof. The proof of the first part involves a mild modification of the proof of lemma
1in [24]. Let U* = 4 —U. Let Q. be the union of cubes of the net M}, intersecting
I. Denote Qf = Q1 \ Qk, Ax = Q4 \ Q and denote by 'y the boundary of €.

By the definition of m, for any € > 0 there is a constant C(e) such that
Ni(T) < C(e)2¥m+) . Then,

anl (Fk) < 2nc<€)2k(m7n+1+e)
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As usual, the letters C, Cy, Co stand for absolute constants. Since U* € C%¥(T),
U*|r = 0 and any point of Ty, is distant from I' by no more than C4 .27k then we
have

max |U*(y)| < Cy 2775
yely

Consequently, for z € Q_, s = dist(z,T)

* n— 2n — men .
‘/e(y_x)“(y)U W)dH" ) < .7, Co2 kO (e)2km—nt1+e)

2n

2k(mfn+17u+e)
n—1 :
S

:ZCECXE)

Under condition (8) the right-hand side of the above inequality tends to zero as
k — oo. By Stokes formula we have

[ etw-av°ac @) = Jim ([ + ety 2P0 e w)

Q Ay Q
= klij;o(/ e(y —x)DU* (y)dL" (y) — /e(y — z)u(y)U* (y)dH" ' (y)) = 0.
Ay Ty
Therefore

To., Dilr = T, DU|r = 0.
The second assertion follows directly by taking U = @ + 7, Di. ]
For Q_ the following analogous result can be obtained.

Theorem 3.2. Let u € C%¥(T'). If u is the trace of a function U € COV(Q_UT)N
M(Q2), and U(co) =0, then

To, Dilr = —u(x) (10)
Conversely, if (9) is satisfied, then u is the trace of a function U € C%*(Q_UT)N
M(Q_) and U(o0) =0, for some pp < v.

Remark 3.1. To be more precise, under condition (9) (resp. (10)) the function
@+ T, Du (T, Du) is a monogenic extension of u to 1y (Q_) which belongs to
CO* (4 UT) (resp. CO*(Q_UT)) for any

ny—m

p< )

n—m
On the other hand, one can state quite analogous results for the case of consider-
ing (right) monogenic extensions. For that it is only necessary to replace in both
conditions (9) and (10) To, Dilr by WDTq, |r, where for a Ro ,-valued function f

[Tl /f (y — 2)dL" (y).
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Theorem 3.3. IfU € C%(Q, UT)NM () has trace u := Ulr. Then the following
assertions are equivalent:

(i) U is two-sided monogenic in Q4
(ii) TQJrD?:L‘F = fLDTQ+ |[‘

Proof. That (i) implies (ii) follows directly from Theorem 3.1 and its right-hand
side version. Assume (ii) is satisfied. Since U is (left) monogenic in €4, then by
Theorem 3.1 we have

To, Dil|r = aDTo, |r = 0.

The second equality implies the existence of a function U* which is (right) mono-
genic in Q4 and such that U*|p = u. Put w = U — U*, then Aw = 0 in Q4 and
w|r = 0. By the classical Dirichlet problem we conclude that U = U* in 4, which
means that U is two-sided monogenic in Q. ]

4. K-Multivectorial case. Dynkin problem and harmonic extension

We are now in a position to treat the solvability of the problem (III) and problem
(IV) stated in the introduction.

Theorem 4.1. Let Fj, € C%*(T') be a k-grade multivector field. If TQ+Dﬁk|[‘ is
k-vector-valued, i.e., if

[T, DFy|r]kas = 0, (11)
then the problem (11I) is solvable.
Proof. From the solution of the jump problem we have that the functions F =
Fy, +7Tq,DFy, and '~ := 1, DF;, are monogenic in £ and €)_ respectively, and
such that on T’
Ft —F~ =F,.

Moreover, conditions (11) leads to

A[Fi]kig = 0, in Qi

[F£]jq2|r = 0.

Then, by the classical Dirichlet problem we have [F¥|p1o = 0 in Qu, ie., the
functions F'* are harmonic k-grade multivector fields in Q.. (Il

Theorems 3.1 and 4.1 yield the answer to problem (IV):

Theorem 4.2. Let Fy, € C%V(I'). If F) is the trace of a multivector field in
C%"(Q4 UT) and harmonic in Q4 , then

To, DFylr =0 (12)

Conversely, if (12) is satisfied, then F} is the trace of a multivector field in
CO* (4 UT), u < v, and harmonic in Q.
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We would like to mention that all the above theorems in Section 3 and Section
4 can be formally rewritten using surface integration. For that it is enough to
employ one of the definitions of integration on a fractal boundary of a Jordan
domain, proposed in [20, 21, 24], which is fully discussed in a forthcoming paper
[5] by the same authors.

In this more general sense, the Borel-Pompeiu formula allows us to recover a
sense for the Cauchy transforms on fractal boundaries, and consequently, all the
previously proved sufficient (or necessary) conditions would look like in the smooth
context.

Finally we wish to note that, as has been pointed out in [2, 8, 11], there
is a closed relation between the harmonic multivector fields and the harmonic
differential forms in the sense of Hodge-deRham. Then, the results in Section 4
can be easily adapt to the Hodge-deRahm system theory.

5. Example

Theorem 5.1. For anym € [n—1,n) and 0 < v <™ there exists an hypersurface
T, such that M(T',) = m and a function u, € C%(T',), such that the jump problem
(3) has no solution.

For simplicity we restrict ourselves to surfaces in the 3-dimensional space R3.
In [22] a low-dimensional analogue of the above theorem was proved for complex-
valued functions and curves in the plane. Our construction is essentially a higher-
dimensional extension of Kats’s idea with some necessary modifications.
To prove the theorem we construct a surface I', C R? with box dimension
m which bounds a bounded domain 24 and a function w, with the following
properties:
a) The surface I', contains the origin of coordinates, and any piece of I, not
containing this point has finite area.
b) u, € C%(Qy), where v is any given number in the interval (0, '], u.(z) = 0
for z € R™ \ Q4.
¢) Du.(z) is bounded outside of any neighborhood of zero, Du.(x) € L,, where
p>1.
d) There exist constants ¥ < 2 and C' > 0 such that

[T, Du(z)| < Cla|™".
e) There exist constants b > 0, C, such that
1
[TQJrDu*(—xlel)]l Zbln( )+C, 0<x <1.
T
To prove these properties we shall adapt the arguments from [22]. For the sake of
brevity several rather technical steps will be omitted.

Proof of Theorem 5.1. Accept for the moment the validity of these properties and
suppose that (3) has a solution ® for the surface T', and function u,.. We then
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consider the function
Ui(x) = us(x) + To, Du.(x)
and put ¥ = U, (z) — ®(z). By ¢) DU, € L,, p > 1, then
DU, (x) = D(ux(x) + T, Dus(x)) = Duy(x) — Duy(xz) =0

and U, is monogenic in the domains Q4. On the other hand, since Du,(z) is
bounded outside of any neighborhood of zero, then it follows that U, has limiting
values UZX(z) at each point of T', \ {0}. Moreover Uf(z) — U (z) = u(z) for
z € I',\ {0} and U.(c0) = 0. Hence the function ¥ is continuous in I', \ {0} and it
is also monogenic in R? \ T'y. Then, from a) and the multidimensional Painlevé’s
Theorem proved in [1] it follows that ¥ is monogenic in R? \ {0}. Next, by d) we
have |¥(x)| < C|x|~” which implies that the singularity at the point 0 is removable
(see [10]). Hence, ¥ is monogenic in R? and ¥(oco) = 0. By Liouville theorem we
have ¥(z) = 0 and U, (z) must be also a solution of (3) which contradicts e). [

5.1. The curve of B. Kats

For the sake of clarity we firstly give a sketch of the Kats’s construction, which is
borrowed from Reference [22], and leave the details to the reader. The construction

is as follows: Fix a number 3 > 2 (compare with [22]) and denote M, = 2.

Suppose {a%}jﬂi’b are points dividing the interval I,, = [27",27" "] into M,, equal
1 _g—ntl _ 27
2 _

parts: a0 = 27"t ol = M:, etc. Denote by A,, the curve consisting of

the vertical intervals [a},, a?,+i27 "], j = 1,..., M,,—1, the intervals of the real axis
[a%,a%71], j=1,..., ™" and the horizontal intervals [a? ! 427", a2 +i277"],
ji=1,..., Né" — 1. Then he defined AP = U,—, A, and constructed the closed

curve v consisting of the intervals [0,1 — i, [1 — 4,1] and the curve A®. Kats
showed that M(vy) = 124?5'
5.2. The surface I,

Denote by o the closed plane domain bounded by the curve vy lying on the plane
x3 = 0 of R3, and let 'y be the boundary of the three-dimensional closed domain

1 1
Qo := {0’0—1—)«83, 9 <A< 2}
Next we define the surface I'g as the boundary of the closed cut domain
Q,B = Q(] n {2$3 — T § O} n {21‘5 + a1 Z O}

As it can be appreciated, the surface I's is composed of four plane pieces belonging
to the semi-space 2 < 0 and the upper ‘cover’ T := I'gN{z2 > 0}. Denote by T,
the piece of T generated by the curve A,,. Then we have T = UZO=1 T,.

We consider the covering of T by cubes of the grid M. All the sets Ty1,

Tj+2, ..., are covered by two cubes of this grid. Another two cubes cover T}.
Denote by p, the distance between the vertical intervals of the curve A,, i.e.
Pn = 21\7 = 2-n=["B] Ty cover the sides of T,, not more than 235=37+1 cubes are

necessary when 27% > p,. When 27 < p,, to cover the sides which are parallel



12 R. Abreu-Blaya, J. Bory-Reyes and T. Moreno-Garcia

to the plane 1 =0
M, —1
D@ = pl)2kT) = 22h (3 2Bl gy
1=0
cubes are necessary; to cover the sides which are parallel to the plane x5 = 0,
not more than 22#=27+2 cubes are necessary; and to cover the sides on the planes
2z5 — 21 = 0 and 2z3 + 21 = 0 not more than 225=27F1 cubes are necessary.

Therefore
4+ Z 93k—3n+1 Z (22k—1(3_2[n5]—2n+2—2n>>
2=k>p,, k>n 2=k<p,
+ Z 92k—2n+2 Ny (T) > Z (221%1(3 . 9lnBl-2n 4 972m))
2= k<py 2=k<p,

or more simply

3
—3n Lok [nB]—2n .92k [nB]—2n
4+ Y 27462k Y2 > N(T) > ) -2 > o2 .
2=k>pp, k>n 2=k <p, 27k <pp
Denote by By the integer defined by the condition
k k
—1<B;p< .
1+8 7" 148
Suppose that £ > 1+ 3, then

Z 2[n5]—2n — % 2[n5]—2n and Z 9—3n _ kil 9—3n
n=1

2=k <py, 2=k>p,, k>n n=DB+1
Simple estimates give
C; - folé < 92k Z onfl=2n < ¢, . Qio’fg.
27F<pn
Analogously
93k+1 Z 92731 < (. 2;’;@’;.
2=k>p,, k>n
From the above estimates we obtain

3
M(T) = d .
1+
From the simple geometry of the remaining parts of I'g we have also
30
M(Tg) = .
Ta) =, 3
For 2 <m < 3 we define the desired surface I'x := I'g with 8 = ;™ . Then
M(T.) = m.

Finally, we put Q4 := Qg \ I, Q- :=R™\ Q3.
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5.3. The function wu.
Let 0 < v < 1. Following the Kats’s idea we enumerate all the points af,, j =

0,....Mp,, n = 1,2,... in decreasmg order: 5o = a?,8; = al,.. Denote by
Ak = 5k — 5k+1~ ObViOU.Sly7 AO = = AMl—l = pP1, AMl = = AMZ—I = P2,
, etc. Since the sequence {Ak}Z":O is nonincreasing, the series
o0
> (1A
j=k

converges. Define the function ¢ in the following way:

o

p(dr) = Y (~1)7AY.

i=k

We extend the definition of the function ¢ to the interval [0, 1] requiring that it
be linear on all intervals [dx4+1, dx], ©(0) = 0. Further we set

o(x) = p(z1e1 + z202 + T363) = P(T1)

if « lies in the closed domain Q4 UT,, and ¢(x) =0 for € Q_. It can be proved
(see [22]) that ¢ € C9¥([0,1]), then ¢ € CO¥(Q).

Denote

3(1—v) 3
=1 1- = -1, W=p—1.
p=QA+p)A-v)= "o n=[-1 d=p—n
By assumption v < 7' we have p > 1,9 > 0, and g < ¥ < 2. Now we define the

desired function to be u.(z) = z]p(z).

5.4. Proof of properties a) - - - ¢)

Property a) is obvious from the construction of I', and the previous calculation of
its box dimension. Since z] € C%"(Q+) and ¢ € C%* (), then u, € C% (),
u4(0) = 0 and furthermore u,(xz) = 0 in Q_. Hence u, has property b).

On the other hand

Ou _
Dun(o) = e "5 = st ) + i (1),

For 71 € [27",27 "1 we have |¢/(z1)| = p4~! < 2. Hence |¢'(z1)| < 20z ",
0 < 21 < 1. Furthermore ¢(z1) < p? < 2“9&17”.

From these inequalities we obtain
1 —39
[Dus(@)| < nzi™|e(r)| + 2]’ (21)] < Cxy 2
Since for z € Qy, |z| < 3|z1| holds, then

[Du..(z)] < Clz|~27.
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Obviously, Du.(z) € L, for p < 2. Since 2 < ¥ < 2 we obtain Du.(z) € L, for
some p > 1. Hence property c) follows. The same estimate proves property d). In
fact,

y—w—y y)Dux(y
17|, D (o 47r|/‘ Pl WP gy

ly =z —y|"Du.(y) , .3
<
< 47r\/ dL>(y)|

ly — |
[ u*

Using Holder 1nequahty the two last 1ntegrals can be bounded by a constant C'
independent of x, which proves property d). To prove e) we firstly note that
To, (Du)(2) = nTa, (e1(ne]~ p(21)) (@) + To, (er2]¢! (1)) (@).

Since ¢(0) = 0 and ¢ € C%¥(Q), then =] 'p(z) € L,(Q,) for some p > 3
To, (e1(nz] ™ p(x1))(x) is bounded.
In order to estimate 7o, (e12]¢’(21))(x) we split it as

T, (e12]¢' (21))(x) = Te(e1a]¢ (21))(@) + Y T, (1279 (21))(2)

n=0

where
P={z:0<z <1, —z1 <22 <0, —;méxgé ;m}
and
I, = {z: d2py1 < 21 < d2p, 0 < w2 < hop, *;“?1 <as < ;581}

ho=hi=-=hw =2 hay = =hw,_, =272,....
2 2 2

Since P has piecewise smooth boundary P and u, € C%¥(Q,) , then in virtue of
the Borel-Pompeiu formula and the Holder boundedness of the Cauchy transform
Copus (see [1, 7], for instance), we have that 7pDu,(x) is bounded and then
Tp(e1x]¢ (x1))(z) is also bounded.

The arguments used to state the lower bound for

> T, (e}’ (1)) (@)
n=0
are rather technical and follow essentially the same Kats procedure. After that we
obtain
e 2k(219 1)

[To,, Du.(—z1e1)]1 > C+bz RS b>0, z; € (0,1].
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Since
0 2k(219—1) % % 2—2t ¢ 1
Z k t _ty2 = 1n2ln
k—O 2 xl‘i’l 2$1+1 (1‘1+2 ) 1
- 0 0

then we obtain the desired inequality e).
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Metric Dependent Clifford Analysis with
Applications to Wavelet Analysis

Fred Brackx, Nele De Schepper and Frank Sommen

Abstract. In earlier research multi-dimensional wavelets have been construct-
ed in the framework of Clifford analysis. Clifford analysis, centered around
the notion of monogenic functions, may be regarded as a direct and elegant
generalization to higher dimension of the theory of the holomorphic functions
in the complex plane. This Clifford wavelet theory might be characterized as
isotropic, since the metric in the underlying space is the standard Euclidean
one.

In this paper we develop the idea of a metric dependent Clifford analy-
sis leading to a so-called anisotropic Clifford wavelet theory featuring wavelet
functions which are adaptable to preferential, not necessarily orthogonal, di-
rections in the signals or textures to be analyzed.
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1. Introduction

During the last fifty years, Clifford analysis has gradually developed to a com-
prehensive theory which offers a direct, elegant and powerful generalization to
higher dimension of the theory of holomorphic functions in the complex plane.
Clifford analysis focuses on so-called monogenic functions, which are in the sim-
ple but useful setting of flat m-dimensional Euclidean space, null solutions of the
Clifford-vector valued Dirac operator

m

0= e0n,,
j=1

where (eq,. .., en) forms an orthogonal basis for the quadratic space R™ underly-
ing the construction of the real Clifford algebra R,,. Numerous papers, conference
proceedings and books have moulded this theory and shown its ability for appli-
cations, let us mention [2, 15, 18, 19, 20, 24, 25, 26].
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Clifford analysis is closely related to harmonic analysis in that monogenic
functions refine the properties of harmonic functions. Note for instance that each
harmonic function h(x) can be split as h(z) = f(x) 4+ z g(z) with f, g monogenic,
and that a real harmonic function is always the real part of a monogenic one, which
does not need to be the case for a harmonic function of several complex variables.
The reason for this intimate relationship is that, as does the Cauchy-Riemann
operator in the complex plane, the rotation-invariant Dirac operator factorizes the
m-~dimensional Laplace operator.

A highly important intrinsic feature of Clifford analysis is that it encompasses
all dimensions at once, in other words all concepts in this multi-dimensional theory
are not merely tensor products of one dimensional phenomena but are directly
defined and studied in multi-dimensional space and cannot be recursively reduced
to lower dimension. This true multi-dimensional nature has allowed for among
others a very specific and original approach to multi-dimensional wavelet theory.

Wavelet analysis is a particular time- or space-scale representation of func-
tions, which has found numerous applications in mathematics, physics and engi-
neering (see, e.g., [12, 14, 21]). Two of the main themes in wavelet theory are
the Continuous Wavelet Transform (abbreviated CWT) and discrete orthonormal
wavelets generated by multiresolution analysis. They enjoy more or less opposite
properties and both have their specific field of application. The CWT plays an
analogous role as the Fourier transform and is a successful tool for the analysis
of signals and feature detection in signals. The discrete wavelet transform is the
analogue of the Discrete Fourier Transform and provides a powerful technique for,
e.g., data compression and signal reconstruction. It is only the CWT we are aiming
at as an application of the theory developed in this paper.

Let us first explain the idea of the one dimensional CWT. Wavelets constitute
a family of functions 1,4 derived from one single function 9, called the mother
wavelet, by change of scale a (i.e., by dilation) and by change of position b (i.e.,
by translation):

baple) = w(x_b), a>0, beR
a a
In wavelet theory some conditions on the mother wavelet ¢ have to be imposed.
We request ¢ to be an Lo-function (finite energy signal) which is well localized
both in the time domain and in the frequency domain. Moreover it has to satisfy
the so-called admissibility condition:

+oo |7 2
Cy = / WP g < 4o,

—eo Ul

where ’LZ denotes the Fourier transform of v. In the case where 1 is also in L1, this
admissibility condition implies
+oo
Y(x) de = 0.

—00
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In other words: ¥ must be an oscillating function, which explains its qualification
as “wavelet”.

In practice, applications impose additional requirements, among which a
given number of vanishing moments:

+oo
/ 2" Y(x) de =0, n=0,1,...,N.

—00

This means that the corresponding CWT:
F(a,b) = (Yas, f)

= [0 (77) s

will filter out polynomial behavior of the signal f up to degree N, making it
adequate at detecting singularities.

The CWT may be extended to higher dimension while still enjoying the same
properties as in the one-dimensional case. Traditionally these higher-dimensional
CWTs originate as tensor products of one-dimensional phenomena. However also
the non-separable treatment of two-dimensional wavelets should be mentioned
(see [1]).

In a series of papers [4, 5, 6, 7, 9, 10] multi-dimensional wavelets have been
constructed in the framework of Clifford analysis. These wavelets are based on
Clifford generalizations of the Hermite polynomials, the Gegenbauer polynomials,
the Laguerre polynomials and the Jacobi polynomials. Moreover, they arise as spe-
cific applications of a general theory for constructing multi-dimensional Clifford-
wavelets (see [8]). The first step in this construction method is the introduction
of new polynomials, generalizing classical orthogonal polynomials on the real line
to the Clifford analysis setting. Their construction rests upon a specific Clifford
analysis technique, the so-called Cauchy-Kowalewskaia extension of a real-analytic
function in R™ to a monogenic function in R™*!. One starts from a real-analytic
function in an open connected domain in R as an analogon of the classical weight
function. The new Clifford algebra-valued polynomials are then generated by the
Cauchy-Kowalewskaia extension of this weight function. For these polynomials
a recurrence relation and a Rodrigues formula are established. This Rodrigues
formula together with Stokes’s theorem lead to an orthogonality relation of the
new Clifford-polynomials. From this orthogonality relation we select candidates
for mother wavelets and show that these candidates indeed may serve as kernel
functions for a multi-dimensional CWT if they satisfy certain additional condi-
tions.

The above sketched Clifford wavelet theory may be characterized as isotropic
since the metric in the underlying space is the standard Euclidean one for which

es=-1, j=1,....m

and
ejer = —exej, 1<j#kE<m,
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leading to the standard scalar product of a vector z = Z;"Zl xje; with itself:

(z,z) :Z a3 (1.1)

In this paper we develop the idea of a metric dependent Clifford analysis leading
to a so-called anisotropic Clifford wavelet theory featuring wavelet functions which
are adaptable to preferential, not necessarily orthogonal, directions in the signals
or textures to be analyzed. This is achieved by considering functions taking their
values in a Clifford algebra which is constructed over R™ by means of a symmetric
bilinear form such that the scalar product of a vector with itself now takes the

form
m m
(x,x) = ZZ girriah. (1.2)
j=1k=1

We refer to the tensor g;i as the metric tensor of the Clifford algebra considered,
and it is assumed that this metric tensor is real, symmetric and positive definite.
This idea is in fact not completely new since Clifford analysis on manifolds with
local metric tensors was already considered in, e.g., [13], [18] and [23], while in
[17] a specific three dimensional tensor leaving the third dimension unaltered was
introduced for analyzing two dimensional signals and textures. What is new is
the detailed development of this Clifford analysis in a global metric dependent
setting, the construction of new Clifford-Hermite polynomials and the study of
the corresponding Continuous Wavelet Transform. It should be clear that this
paper opens a new area in Clifford analysis offering a framework for a new kind
of applications, in particular concerning anisotropic Clifford wavelets. We have in
mind constructing specific wavelets for analyzing multi-dimensional textures or
signals which show more or less constant features in preferential directions. For
that purpose we will have the orientation of the fundamental (e, ..., e, )-frame
adapted to these directions resulting in an associated metric tensor which will
leave these directions unaltered.

The outline of the paper is as follows. We start with constructing, by means
of Grassmann generators, two bases: a covariant one (e¢; : j = 1,...,m) and
a contravariant one (¢! : j = 1,...,m), satisfying the general Clifford algebra
multiplication rules:

ejer +exej = —2g;; and elef + kel = ngjk, 1<5,k<m

with g, the metric tensor. The above multiplication rules lead in a natural way
to the substitution for the classical scalar product (1.1) of a vector x = Z;nzl Tle;
with itself, a symmetric bilinear form expressed by (1.2). Next we generalize all
necessary definitions and results of orthogonal Clifford analysis to this metric de-
pendent setting. In this new context we introduce for, e.g., the concepts of Fischer
inner product, Fischer duality, monogenicity and spherical monogenics. Similar to
the orthogonal case, we can also in the metric dependent Clifford analysis decom-
pose each homogeneous polynomial into spherical monogenics, which is referred
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to as the monogenic decomposition. After a thorough investigation in the met-
ric dependent context of the so-called Euler and angular Dirac operators, which
constitute two fundamental operators in Clifford analysis, we proceed with the in-
troduction of the notions of harmonicity and spherical harmonics. Furthermore, we
verify the orthogonal decomposition of homogeneous polynomials into harmonic
ones, the so-called harmonic decomposition. We end Section 2 with the definition
and study of the so-called g-Fourier transform, the metric dependent analogue of
the classical Fourier transform.

With a view to integration on hypersurfaces in the metric dependent setting,
we invoke the theory of differential forms. In Subsection 3.1 we gather some basic
definitions and properties concerning Clifford differential forms. We discuss, e.g.,
fundamental operators such as the exterior derivative and the basic contraction
operators; we also state Stokes’s theorem, a really fundamental result in mathe-
matical analysis. Special attention is paid to the properties of the Leray and sigma
differential forms, since they both play a crucial role in establishing orthogonality
relations between spherical monogenics on the unit sphere, the topic of Subsec-
tion 3.2.

In a fourth and final section we construct the so-called radial g-Clifford-
Hermite polynomials, the metric dependent analogue of the radial Clifford-Hermite
polynomials of orthogonal Clifford analysis. For these polynomials a recurrence
and orthogonality relation are established. Furthermore, these polynomials turn
out to be the desired building blocks for specific wavelet kernel functions, the so-
called g-Clifford-Hermite wavelets. We end the paper with the introduction of the
corresponding g-Clifford-Hermite Continuous Wavelet Transform.

2. The metric dependent Clifford toolbox

2.1. Tensors

Let us start by recalling a few concepts concerning tensors. Assume in Euclidean

space two coordinate systems (x!, 22 ..., z") and (3',7%,...,Z"V) given.

Definition 2.1. If (A% A2,..., AN) in coordinate system (x!,22, ..., 2") and
(A, A2%,...  AN) in coordinate system (Z!,22,...,7V) are related by the trans-
formation equations:

N —~
o0r’

oxk
=1

Al = AF ) j=1,...,N,

then they are said to be components of a contravariant vector.



22 F. Brackx, N. De Schepper and F. Sommen

Definition 2.2. If (A;, Ay,...,Ay) in coordinate system (z!,z2, ...,2") and
(A1, Ay, ..., Ax) in coordinate system (z',7%,...,Z"V) are related by the trans-
formation equations:

N
~ oz )
Aj: 8%jAk’ ]Zl,...,N,
k=1
then they are said to be components of a covariant vector.

Ezample. The sets of differentials {dz!,...,dz™} and {dz',...,dz"N} transform
according to the chain rule:

N —~
- ox’
~ koo
dx’ = axkdx’ j=1,...,N.
k=1
Hence (dz?,...,dz") is a contravariant vector.

FEzxample. Consider the coordinate transformation

@, 72,...,7V) = (2,2%,...,2") A
with A = (ai) an (N x N)-matrix. We have
N N s
= Z :ckafC or equivalently 7 = Dk z*,
k=1 k=1
which implies that (z',...,2%) is a contravariant vector.

Definition 2.3. The outer tensorial product of two vectors is a tensor of rank 2.
There are three possibilities:

e the outer product of two contravariant vectors (A!,...,AV) and (B!,...,BY)
is a contravariant tensor of rank 2:

CI* = A/B*

e the outer product of a covariant vector (Ajy,...,Ay) and a contravariant
vector (B',..., BY) is a mixed tensor of rank 2:

Cy = A;B*

e the outer product of two covariant vectors (Ai,..., Ax) and (Bi,...,Bn) is
a covariant tensor of rank 2:

Cjk = AjBk.
FEzample. The Kronecker-delta
5t — 1 ifj=k
J 0 otherwise

is a mixed tensor of rank 2.
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FEzxzample. The transformation matrix

ord
aizaxk, jk=1,...,N
is also a mixed tensor of rank 2.

Remark 2.4. In view of Definitions 2.1 and 2.2 it is easily seen that the transfor-
mation formulae for tensors of rank 2 take the following form:

N ~
Git = Bpr =3 O Zaxk

— 8351 Oxt
559 DNPUTS 3 SLtanet
I ozt 833[ ozt 8:5‘3
i=1 ¢=1 =1 ¢=1
and similarly

N N L

~ Ozt OTF ot 9zt

kE_ ¢
g-Sa a-ghre

Definition 2.5. The tensorial contraction of a tensor of rank p is a tensor of rank
(p—2) which one obtains by summation over a common contravariant and covariant
index.

Ezample. The tensorial contraction of the mixed tensor C’,{ of rank 2 is a tensor
of rank 0, i.e., a scalar:

N .
> ¢l=D,
j=1

while the tensorial contraction of the mixed tensor Cij ¥ of rank 3 yields a con-
travariant vector:
N

> i =Dk,

j=1

Definition 2.6. The inner tensorial product of two vectors is their outer product
followed by contraction.

Ezample. The inner tensorial product of the covariant vector (A1, ..., Ax) and the
contravariant vector (B!, ..., BY) is the tensor of rank 0, i.e., the scalar given by:

N
Y AB =C
j=1
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2.2. From Grassmann to Clifford

We consider the Grassmann algebra A generated by the basis elements (fj, j =
1,...,m) satisfying the relations

fif +fuf; =0 1<j,k<m.

These basis elements form a covariant tensor (fy,fy,...,f,,) of rank 1.

Next we consider the dual Grassmann algebra AT generated by the dual
basis (f*7,j = 1,...,m), forming a contravariant tensor of rank 1 and satisfying
the Grassmann identities:

Frfpre Ltk =0 1< 4,k <m. (2.1)
Duality between both Grassmann algebras is expressed by:
fET7 4 = o (2.2)

Note that both the left- and right-hand side of the above equation is a mixed
tensor of rank 2.

Now we introduce the fundamental covariant tensor g;; of rank 2. It is as-
sumed to have real entries, to be positive definite and symmetric:

Definition 2.7. The real, positive definite and symmetric tensor g, is called the
metric tensor.

Its reciprocal tensor (a contravariant one) is given by

gk _ L gk
det(g;r) '

where G7* denotes the cofactor of g;;. It thus satisfies

g

m

Zgﬂgek =47,
=1

In what follows we will use the Einstein summation convention, i.e., summation
over equal contravariant and covariant indices is tacitly understood.
With this convention the above equation expressing reciprocity is written as

9 gox = 0.
Definition 2.8. The covariant basis (f;r, j=1,...,m) for the Grassmann algebra
AT is given by

i =ginf™.

This covariant basis shows the following properties.

Proposition 2.9. One has

(i +6 =0 and i +0if; =gin; 1<jk<m
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Proof. By means of respectively (2.1) and (2.2), we find
fFE 66 = gief amf ™ + grdf T ggef
= gjegre (FHFT + ) =0
and
fj@ + fﬁfj = fjgktf+t + gktf+tfj = Gkt (fjf+t + f+tfj)

= gre0% = grj = Gjk- O
Remark 2.10. By reciprocity one has:
i =gl
J
Definition 2.11. The contravariant basis (f/, 5 = 1,...,m) for the Grassmann
algebra A is given by _ _
7 = g7"f-

It shows the following properties.
Proposition 2.12. One has
¥+ =0 and fF 4+ = gk,
Proof. A straightforward computation yields
R U A A R
= 979" (fef, + i) = 0
and
PR+ i = g7+ g,
= g7 (Ff " + £,)
=g’op =g~ O
Remark 2.13. By reciprocity one has:
fi = grsf’.
Now we consider in the direct sum

spanc{fi,. .., fm}t @ spanc{f, ... {5}

two subspaces, viz. spanc{ey,...,en} and spanc{emy1,..., €2, } where the new
covariant basis elements are defined by
{ej = fjffj', j=1,....,m
Cm+j = Z(fj +f]+)7 j=1...,m.
Similarly, we consider the contravariant reciprocal subspaces spanc{e!,...,e™}

mtll . e?™} given by

o = P9 j=1..m
emti = G(f +§), j=1,...,m.

and spanc{e
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The covariant basis shows the following properties.

Proposition 2.14. For 1 < j, k < m one has:
(i) ejer + exe; = —2g;

(i) em+jem+k + €mikemtj = —29;k

(111) €j€m+k + Em+4+k€; = 0.

Proof. A straightforward computation leads to
(1) ejen+enes = (F —F ) — F) + G — B — )
= fifi = f65 — 6 fx + 1715 + 06, — 0l — 06 + 607
= (f5fx +fuf;) + (R R0 — (0 + 001 — (e + 1)
= —gjk — Gkj = —2G;jk,
(ii) m+jem+k + Em+kCm-tj
= —(f; + ) (e + ) — G+ E +67)
= e — 55 — (5T — 171 — fufy — fuf) — i — i
= — (i +1f5) — (i + 0l

= —gjk — Jkj = —29jk
and

(iii) €jem+k + €m4k€;
= i(f; — ) (e + ) + i+ 50 — 1)
= iffy + i f — i, — if fE + iff; — i iR — i
= (i + fiufy) — i 0 6 6) + i + 006 — i T+ ff))
= igjr — igk; = 0. O

As expected, both e-bases are linked to each other by means of the metric
tensor g;; and its reciprocal 7",

Proposition 2.15. For j =1,...,m one has
(i) 4 e’ = ¢Fer and e :gkjej .
(ii) et = gi*e 1 and  epyk = grje™ .
Proof.
(i) el =f — 7 =g/ — g}
=" (i — ) = ¢""en
(ii) e = i(f + ) = ig™ (i + )
= gjkem+k. O

By combining Propositions 2.14 and 2.15 we obtain the following properties
of the contravariant e-basis.
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Proposition 2.16. For 1 < j,k <m one has

(i) elek + ekel = —2g7F
(ii) em+j€7n+k + em—i—kem—i-j — —Qij

(iii) elem*k 4 emtkel =0,

The basis (e1, ..., en) and the dual basis (e!,...,e™) are also linked to each
other by the following relations.

Proposition 2.17. For 1 < j, k < m one has
(i) eje* +eFe; = 726’“
(ii em+J emth 4 em“%am+j = —20%

'{ejaej} =—-m

vii Cmi€ ;€ em -m
.. ; 4 m+j m+j 45 =
(Viii> 2 Zj{em-w’ € +j} =—-m

(%) 3, [emi o] = 0.

Proof. A straightforward computation yields

(i) eje’ +efe; = ejgMe, + gMere; = g (ejer + erej)
kt k
=g (—2g;) = —20;
- k k kt kt
(i) €m+j€er +emt Em4j = €m+59" €m+t TG CmitCm+j

kt
=g (em—i-jem—i-t + e7n+tem+j)
kt k
=g (—2g;t) = —20;
k k kt kt
(iii) eje™ T+ e e = ejg™ eyt + g emie;

kt
=g"" (ejem+t + €mytej) =0
m

m m B
Ze Zej g’ Zg”ejei
j=1

j:l i=1
Zguegeri- ZQ €j€; = Zgijejei‘f';zgjieiej
— -
Zg ejei+ Zg” —ejei — 2gi5) = Zg 94
—Zég:— 1+...+1):—m.

By means of (i) we also have

m m
E elej = E ejej -2) —2m = —m.
=1

j=1
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(v) Follows directly from (iv).

(vi) Follows directly from (iv).

(vii) Similar to (iv).

(viii) Follows directly from (vii).

(ix) Follows directly from (vii). O

Finally we consider the algebra generated by either the covariant basis (e; :
j=1,...,m) or the contravariant basis (¢/ : j=1,...,m) and we observe that
the elements of both bases satisfy the multiplication rules of the complex Clifford
algebra C,,:

ejex +epej = —2¢g5,, 1 <j,k<m
and
elef 4 eFed = —2¢7% 1< j,k <m.

A covariant basis for C,, consists of the elements e4 = e;,e;, ...e;, where A =

(i1,82,...,4n) C {1,...,m} = M is such that 1 < i; < s < ... < ip, < m.
Similarly, a contravariant basis for C,,, consists of the elements e = e'te’2 ... e
where again A = (i1,42,...,4,) C M is such that 1 < i3 <iy < ... <ip <m.In

both cases, taking A = (), yields the identity element, i.e., ey = el =1.
Hence, any element A € C,,, may be written as

)\:Z)\AeA or as )\:Z)\AeA with M4 € C.
A A

In particular, the space spanned by the covariant basis (e; : j=1,...,m) or the
contravariant basis (e/ : j=1,...,m) is called the subspace of Clifford-vectors.

Remark 2.18. Note that the real Clifford-vector & = a/e; may be considered as
the inner tensorial product of a contravariant vector o/ with real elements with
a covariant vector e; with Clifford numbers as elements, which yields a tensor of
rank 0. So the Clifford-vector « is a tensor of rank 0; in fact it is a Clifford number.

In the Clifford algebra C,,, we will frequently use the anti-involution called
Hermitian conjugation, defined by

T=—e;, j=1,....m

A= (3 dea)' =3 26l
A A

where A% denotes the complex conjugate of A4. Note that in particular for a real
Clifford-vector o = ade;: af = —ar.

€

and

The Hermitian inner product on C,, is defined by
()‘7/‘) - [)‘T:U']O eC,

where [A]p denotes the scalar part of the Clifford number A. It follows that for
X € C,y, its Clifford norm ||, is given by

Mg = (A, A) = Ao,
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Finally let us examine the Clifford product of the two Clifford-vectors
a=alejand B = Fle;:

af = ajejﬁkek = ozjﬁkejek

1 .
20ﬂﬁk(fekej —29k)

1 .
= QQJﬂkejek +
; 1 .
— 7gjkafﬁk + 2afﬂk(ejek —erej).

It is found that this product splits up into a scalar part and a so-called bivector
part:

af=aeB+aAp
with
| 1
aef=—gual = (af+0a)= {a,0}

the so-called inner product and
1 1 . . 1
ahp= 20ﬂﬂ (ejer — exej) = 20ﬂﬂ lej, ex] = 2[0475]

the so-called outer product.
In particular we have that

ejoer=—gjk, 1L<jk<m

ej/\ej :O, jil,...,m
and similarly for the contravariant basis elements:

deck =—¢g* 1<jk<m

e nel =0, j=1,...,m.

The outer product of k different basis vectors is defined recursively
1 _
€y Neig Nov- Negy, = 9 (eil(eiz ARRRNA eik) + (*1)k l(eiz JANRERA eik)ei1>~

For k=0,1,...,m fixed, we then call

C;Z{Aecm PA= D Aaen Nei Ao Aeiy A:(il,iz,...,ik)}
|Al=k

the subspace of k-vectors; i.e., the space spanned by the outer products of &k dif-
ferent basis vectors. Note that the 0-vectors and 1-vectors are simply the scalars
and Clifford-vectors; the 2-vectors are also called bivectors.
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2.3. Embeddings of R™
By identifying the point (z!,...,2™) € R™ with the 1-vector z given by
r=alej,

the space R™ is embedded in the Clifford algebra C,, as the subspace of 1-

vectors Rl of the real Clifford algebra R,,. In the same order of ideas, a point

(20,21, ... 2™) € R™T is identified with a paravector z = z° + z in R?, & R!

m m*

We will equip R™ with a metric by defining the scalar product of two basis
vectors through their dot product:

(ej.en) =—€joer=gjk, 1<jk<m
and by putting for two vectors x and y:
(x,y) = (eja? eny®) = (e en)a’y” = graly”.

Note that in this way ( ., . ) is indeed a scalar product, since the tensor gji is
symmetric and positive definite. Also note that in particular

H:c||2 = (z,x) = gjka:ja:k = —gexr=—12’= \x\g
We also introduce spherical coordinates in R™ by:
T =rw
with
r=|z| = (gjk:rj:ck)l/2 €[0,+00] and we S™ Y
where S™~! denotes the unit sphere in R™:
smt={weR), ; Jw|? = —w? = gjrwiw® = 1}.

Now we introduce a new basis for R™ = R} consisting of eigenvectors of the
matrix G = (g, ), associated to the metric tensor g;x. As (g;x) is real-symmetric,
there exists an orthogonal matrix A € O(m) such that

ATGA = diag(\i, ..., Am)
with A1,..., A\, the positive eigenvalues of G. We put
(Ej) = (ej)A.

We expect the basis (E; : j =1,...,m) to be orthogonal, since E; (j =1,...,m)
are eigenvectors of the matrix G.

If (27) and (X7) are the column matrices representing the coordinates of x
with respect to the bases (e;) and (E;) respectively, then we have

= (e;)(27) = (E;)(X7) = (¢;) A(XY)

and
(xj) = A(Xj) or (Xj) = AT(xj).
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Hence
(z,y) = (@)"GY) = (X))TATGA(Y?)
= (X" diag(A1, ..., Am) (Y7) =D N\ X7Y7.

In particular we find, as expected:
<Ej,Ek> = 0, j 7& k and <Ej,Ej> = )\j, ] = 1,...7m.
Involving the Clifford product we obtain
{E;,Ex} =2E;e E, = -2(E;,E) =0, j#k
and
{Ej,Ej} = QEJ .E]‘ = —2<E]‘,Ej> = —2)\]‘, j = 1,. ..,m
and so for all 1 < j,k <m
EjEk + EkEj = *2)\j5jk~
Finally if we put
.= j=1,...,m),
Uy (J )
we obtain an orthonormal frame in the metric dependent setting:
mom) =0k 1<g,k<m.

In what follows, (z'7) denotes the column matrix containing the coordinates of x
with respect to this orthonormal frame, i.e.,

v=2 2= @),
J J

It is clear that the coordinate sets (X7) and (2"7) are related as follows:
(X7) =P~ (") or (a7)=P(X)

with
P = diag(v/A1,- - VAm).

Hence we also have
(7)) = AP7Y(2”7) and (2) = PAT(a7).

Finally, note that in the z’/-coordinates, the inner product takes the following

form
(w,y) = iy,
J



32 F. Brackx, N. De Schepper and F. Sommen

2.4. Fischer duality and Fischer decomposition

We consider the algebra P of Clifford algebra-valued polynomials, generated by
{', ..., 2™ ; e1,...,em;i}. A natural inner product on P is the so-called Fischer
inner product

(@), 5(0)) = | { R (2"0. 600 m00) 80| |

Note that in order to obtain the differential operator Rf(¢%8,;,...,¢™ 0,;), one
first takes the Hermitian conjugate Rt of the polynomial R, followed by the sub-
stitution z* — ¢*70,,. These two operations

k

er ——  —ex (Hermitian conjugation)
F .
= gho,,

are known as Fischer duality.

Now we express this Fischer duality in terms of the new basis (E; : j =
1,...,m) and the corresponding new coordinates (X7) introduced in the foregoing
subsection:

(i) (Ej) = (e;)A -5 (—e;)A=—(e;)A= —(E;)  (Hermitian conjugation)

Zk aX

(i) X7 = ATab I AT g*0, = AlLg i Oxe = Al g™ A Oxe

= Ajg’ kAw Oxe = (ATG™1A)jo Oxe

1 1 1
(dlag <)\1, , )\m>)j£ Oxe )y Oxi. (2.3)

Proposition 2.19. The basis (Esa X = Eo(X)* .. (X™)* : A C M,a € N™)
of the space P of Clifford polynomials is orthogonal with respect to the Fischer
inner product.

Proof. We have consecutively

(BaX®, EpX")

1 @l 1 Am
= |:EL ()\15)(1) <)\maxm) [EBXB]} O/X:O

= |:ELEB ()\11>a1 ();)am (Dx1)™ . (Dxm) ™ (XA (X™)Pm | x—o

0
1\ 1\
= | S0 [ELE
()\1> <)\m> « ,,6[ A B}O

with o! = aq! ... a,,! . Moreover, for

Ej=E, E;, ... E;

Th

and EB = Elej2 R

Tk

we find
E\Ep = (-1 E, ...E,E E,E;, ... E;.
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As
E;Ey, + EyEj; = 2005, 1< j.k <m,
we have
[ELEplo = (=)' (=Xi)(=Ai) - (=Xi,) dam
S VRS VAT
Summarizing, we have found that for A = (iy,492,...,%x)
(EaX® EpX®) = al Ay M, . A, </\11) L <A1 ) T

Proposition 2.20. The Fischer inner product is positive definite.

Proof. This follows in a straightforward way from the fact that the Fischer inner
product of a basis polynomial E4 X% with itself is always positive:

1 631 1 Qm
(BaX® EaX®) =a! \i Aiy .. iy, ()\ ) ()\ ) > 0. O
1 m

Let Py denote the subspace of P consisting of the homogeneous Clifford
polynomials of degree k:

Py = {Rux) € P : Rilta) = t*Ri(a) , t €R).

It follows from Proposition 2.19 that the spaces Py are orthogonal with respect
to the Fischer inner product. With a view to the Fischer decomposition of the
homogeneous Clifford polynomials, we now introduce the notion of monogenicity,
which in fact is at the heart of Clifford analysis in the same way as the notion
of holomorphicity is fundamental to the function theory in the complex plane.
Monogenicity is defined by means of the so-called Dirac-operator 0, which we
introduce as the Fischer dual of the vector variable x:

j r jk k
g;:gjjej — —g’ E)xkej = —€"0p = =0y .

This Dirac operator factorizes the g-Laplacian, which we obtain as the Fischer
dual of the scalar function 22 = — ||z|*:

2?=—(z,2) = —gjat e T — 41971 0,0 9" 0,0 = —gjg” 970,00 = — 1,90, 0,

= _gwaiize = _Ag’
where we have defined the g-Laplacian as to be
Ay =g" 2, .
Then we have indeed that
; 1 , 1 .
02 = 0,690, ek = Qé)ﬂawkejek + 26'wk ieled

T

1 : 1 , .
= 25‘zj5$kejek + 281,,-6'%(76]6’“ — 2¢7%)

1 ; 1 ; ;
= 2awjaxkeje’f — 251,- Oprelel — g1% 9,00 = —A,.
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We also mention the expression for the Dirac operator in the orthonormal frame
introduced at the end of Subsection 2.3.

Lemma 2.21. With respect to the orthonormal frame 1, (j =1,...,m), the Dirac

Dy = Za“"ma"
J

Proof. For the sake of clarity, we do not use the Einstein summation convention.
We have consecutively

Op = 0pe =Y Ougter = 0.g"EL AL,
J Jik

Jskst

operator takes the form

=> | > Alg"0. | E.
t \ gk
By means of (2.3) this becomes
1
(91 = ; )\t axtEt = ;axltnt. ]

Definition 2.22.

(i) A C,,-valued function F(x!,... 2™) is called left monogenic in an open re-
gion of R™ if in that region

0, [F] = 0.

(i) A C,,-valued function F(z°, 2, ... 2™) is called left monogenic in an open
region of R™*! if in that region

(Ds0 + 8,)[F] = 0.

Here 0,0 + 0, is the so-called Cauchy-Riemann operator.

The notion of right monogenicity is defined in a similar way by letting act
the Dirac operator or the Cauchy-Riemann operator from the right.

Note that if a Clifford algebra-valued function F is left monogenic, then its
Hermitian conjugate F'f is right monogenic, since 9] = —0,.

Similar to the notion of spherical harmonic with respect to the Laplace op-
erator we introduce the following fundamental concept.

Definition 2.23.

(i) A (left/right) monogenic homogeneous polynomial P, € Py is called a
(left /right) solid inner spherical monogenic of order k.

(ii) A (left/right) monogenic homogeneous function @ of degree —(k +m — 1)
in R™\ {0} is called a (left/right) solid outer spherical monogenic of order k.
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The set of all left, respectively right, solid inner spherical monogenics of order k will
be denoted by M, (k), respectively M, (k), while the set of all left, respectively
right, solid outer spherical monogenics of order £ will be denoted by M, (k),
respectively M, (k).

Theorem 2.24 (Fischer decomposition).
(i) Any Ry € Py has a unique orthogonal decomposition of the form
Ry (x) = Pi(x) + xRj—1(x)

with P, € M;(k) and Ri_1 € Pr_1.
(ii) The space of homogeneous polynomials Py admits the orthogonal decomposi-
tion: P = MZL(]C) D1 xPr_1.

Proof. This orthogonal decomposition follows from the observation that for
Ry_1 € Pr_1 and Sy € Py:

(@Rp—1(2), Sk(2)) = —(Ri—-1(2), 0x[Sk (2)])- (2.4)
Indeed, as —3, is the Fischer dual of z, we have
(kafl(x)v Sk(l’)) = RL-l (gljazja s 7gmjazj) aI[Sk(x)}

=— (Rk_l(x),ﬁw[sk(x)}) .
Next, if for some Sy € Py and for all Rx_1 € Pr_1
(.%‘Rk_1, Sk) = 0,

0

then so will
(Rk—1,0:[Sk]) = 0.

Hence 0,[Sk] = 0, which means that the orthogonal complement of xPj_1 is a
subspace of M," (k) .
But if P, = xRy, € Mzr(k) N xzPr_1 , then

(Pr, Pr) = (xRy—1, Pr) = —(Ry—1,0:[Px]) = 0
and thus P, = 0. So any S € P, may be uniquely decomposed as
Sy =Py +xRip_1 with P, e M;(k‘) and Ry 1€ Pr_1. O
Theorem 2.25 (monogenic decomposition). Any Ry, € Py has a unique orthogonal
decomposition of the form

k
Ri(x) =Y P (x), with Py € M (k—s).
s=0

Proof. This result follows by recursive application of the Fischer decomposition.
O
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2.5. The Euler and angular Dirac operators

The Euler and angular Dirac operators are two fundamental operators arising quite
naturally when considering the operator xd,; in fact they are the respective scalar
and bivector part of it.

Definition 2.26. The Euler operator is the operator defined by
E=170,;
the angular Dirac operator is defined by
1 . . , i
= —2x18xk (eje¥ —eFe;) = —a7d,ne; A eP.
Proposition 2.27. One has
20y =—E-T (2.5)
or in other words
—E=x00,=[x0;]0 and —T =xAd, = [20s]2,
where [Nz denotes the bivector part of the Clifford number .
Proof. One easily finds
. 1 . 1 .
20y = 27 e;0pne’ = 2$Jamk€j€k + 233J81kejek
L ko, 1o k k
= ijawkeje + ijawk(—e ej — 205)
. 1 .
—27 0y + ijawk(ejek —efe;)=-E-T. O

As is well known, the Euler operator measures the degree of homogeneity of poly-
nomials, while the angular Dirac operator measures the degree of monogenicity.
This is expressed by the following eigenvalue equations.

Proposition 2.28.
(i) For Ry € Py one has
E[Ry] = kRy.
(ii) For P, € M, (k) one has
I'[Py] = —kPs.

Proof. (i) A homogeneous polynomial Ry of degree k can be written as
Rk(:c) = ZBA Rk’A(x)
A

with Ry 4 a scalar-valued homogeneous polynomial of degree k. Hence

E[Rk] = ZGA E[RhA] = ZeAkR;%A = kRk.
A A

(ii) Using (2.5) it is easily seen that
F[Pk} = (7E - x@m)[Pk] = 7kP]€ O
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Remark 2.29. A Clifford polynomial operator is an element of End(P); it trans-
forms a Clifford polynomial into another one. Such a Clifford polynomial operator
Ay is called homogeneous of degree £ if

Ay ['Pk] C Pk;+[.

The Euler operator also measures the degree of homogeneity of Clifford polynomial
operators.

Proposition 2.30. The Clifford polynomial operator Ay is homogeneous of degree ¢
if and only if
[E, Ay] =LA,

Proof. Suppose that Ay is homogeneous of degree £. We then have
(EA¢ — AyE)[Pr] = E[Prse] — kAe[Pr] = (k + €)Prre — kPrie = CA[Pr].
Conversely, assume that the Clifford polynomial operator B satisfies
[E, B] = AB.
For an arbitrary Ry € Py, we then have
E(B[R]) = (BE + AB)[Ri] = kB[Ri] + AB[Ry] = (k + A) B[Ry].
In other words, B[Rx] € Pr+x and hence B is homogeneous of degree A. (Il

In a series of lemmata and propositions we now establish the basic formulae
and operator identities needed in the sequel.

Lemma 2.31. One has
Oz [x] = —m.

Proof. By means of Proposition 2.17, we have immediately

Ox[z] = Zekazk (z))e; = Zejej =—m. O
k,j J

Proposition 2.32. One has
20y +0zx = —2E—m and Oyoz=-E—-m+TI. (2.6)

Proof. On the one hand we have

205 = E tle;Oner,
gk

while on the other hand
Opt = Oplx] + Opr = —m + Z 3wkeka:jej =—-m+ Z:cjawkekej,
J.k Jik
where the dot-notation 8, means that the Dirac operator does not act on the
function z, but on the function at the right of it.
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Adding both equalities yields

20y + Opx = —m + ijamk<€j€k + ePe;)
Jsk
=—-m— 2ij8wk6f =—m—2FE.
.k

Using (2.5) this becomes
Opx=—20, —2E—m=FE+T —-2FE—-m=T—-F —m. O

Propositions 2.27 and 2.32 yield some nice additional results. The first corollary
focuses on an interesting factorization of the g-Laplacian.

Corollary 2.33. One has

Ay=(E+m-T) (E+T1).

[|]?
Proof. By means of (2.5) and (2.6), we obtain

z? 1

A, =-02=0 Opr =0z x T
! ||| |?

o T

0.

—(E4+m-T),  (E+T). O

1
|2
Also the polynomials Py are eigenfunctions of the angular Dirac operator.
Corollary 2.34. For any P, € M, (k) one has:

CzPy] = (k+m — 1)xPy.
Proof. By means of (2.6) we obtain

20g[xPy) = x(—E — m+T)[Py]
=x(—k —m— k)P, = (—2k — m)zPy.

Using (2.5) and the fact that © P € Pj41 gives
(—2k —m)zP, = —(E+D)[zP] = —(k+ 1)z P, — Tz Pg].

Hence
[[zPy] = (k+m — 1)z Py. O
Lemma 2.35. One has )
(i) O0yir] = rgjkxk , j=1....m
T
ii Oglrl = .
(ii) =
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Proof. A straightforward computation yields

. ik 1/2 1 i e\ —1/2 i
(1) Opi[1] = Opi |:(gzkx l’k) / } =5 (gikx Sﬂk) / (gjk$k + gijx )
11 1
=9, 2g;p2" = gjkxk
. 1 . 1 T
i 0ur] = €10, [r] =  elgipat = k=", O
(ii) [r]=e 7] €9k KT .

Now it is easily proved that the angular Dirac operator only acts on the angular
coordinates, whence its name.

Lemma 2.36. One has

(i) E[r] =r
(i) 0p[r] = —
(iii) T[r] =0.
Proof. By means of the previous Lemma we easily find
(i) Elr] = 290,[r) = o9 | g = o2 = .
r r
2
x r
(ii) x@w[r]—xr =-, =
(iii) L[r] = = (20, + E)[r] = —(=r +7r) = 0. 0

This enables us to prove the following eigenvalue equations.

Theorem 2.37. One has

(i) E[z*Py] = (s + k)x* Py

(ii) T[z*Py] = —ka®* Py

(iii) T[a?™P] = (k+m — 1)a?T1 P
Proof. (i) Follows immediately from the fact that z°Py, € Py, .
(i) By means of the previous Lemma we find

L[z Py] = 2% T[] = —ka** P
(iii) Similarly we have
Dz* ™ P = 2% T[aPy] = (k + m — 1)2** T Py 0
The previous Theorem combined with (2.6) yields the following result.
Theorem 2.38. One has
6‘I[a:SPk] = Bs,k l’silpk

with

—s for s even,
By =
—(s—=1+2k+m) fors odd.



40 F. Brackx, N. De Schepper and F. Sommen

Proof. We have consecutively
Oz 1% Py] = Opz[2®* ' Py) = (—E —m + D) [z* 1 P]
=—2s+k—1)2* P, —ma* P + (k+m — 1)z* P,
= 2571,
and similarly
O:[z* T P] = 0,2[2* Py) = (—E — m + I')[2% Py
= —(25 4+ k)x** P, — ma** P, — kx** P,
= —(25 + 2k + m)z** Py. O

Solid inner and outer spherical monogenics are related to each other by means
of the so-called spherical transform.

Proposition 2.39. If Py is a solid inner spherical monogenic of degree k, then

_ x p x _ x p
W= g g ) T e

is a monogenic homogeneous function of degree —(k+m — 1) in R™\ {0}, i.e., a
solid outer spherical monogenic of degree k.
Conversely, if Qr is a solid outer spherical monogenic of degree k, then

Pelz)= " Qe T, =2z *T? Qua)
||| 1B

is a solid inner spherical monogenic of degree k.

Proof. Clearly @y is homogeneous of degree —(k +m — 1), since

t* e Py (x) —(k+m—1
QulI) = oy ks = (b+m-DQ, ().

Moreover, in R™ \ {0}:

1 1
0:[Qr ()] = 0, |:|x|2k+m:| TPy + HxHQkeraw[ka]
1

T
= —(2k+m) ||| 2+m+2 @B — (2k +m) ||| 2+ B
~ (2k+m) (2k+m)P ~0
T |a|2Erm T (a2 T
where we have used
1 (2k+m) x x
81; |:T2k+m:| = 7(2]{: + m) r2k+m+1 I[T} == r2k+m+1 r = 7(2k + m) r2k+m+2 .

The converse result is proved in a similar way. O
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Proposition 2.40. In terms of spherical coordinates the Fuler operator E takes the
form
E =10,.

Proof. In this proof we do not use the Einstein summation convention.
The transformation formulae from cartesian to spherical coordinates in R™
yield

or " Ok
i = 5 O+ o Ok (2.7)
In view of Lemma 2.35 we have for each j fixed:
1
= r Zgjtxta
t

and
j 1 87”4
r2 OxI

1 1 |
= 30 ) _gpat = (1-w ) giwt),
t t

owl 9 (a7 1
8xj(9xj<r)r
1
r

while for k£ # j, we find

owk 9 (mk> R 1 or
—

oxJ oxi \ ' r r2 Oxd
1 1
k t k t
= —x E Gt = —w E W
7“3 - ggt r - ggt

Hence equation (2.7) becomes

m
O0pi = Zgjtx 6‘ + 17w Zgﬂw -
k=1, k#j

LS o, + Lo — S gt (2.8)
Thus we ﬁn;:uy obtain - t
E:Zxﬂ'aﬂ - 1 Zxa' (Zgjtxt)ar + 1 ijawj - i;xj;wk@gﬁwt)a .
20, +Zw% ZwJZw Zgatw
=70, +Zw » Zwng 109wk,
=rd, +Zw i Zw O =70 O
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The foregoing Proposition 2.40 enables us to express also the Dirac operator
in spherical coordinates.

Proposition 2.41. In terms of spherical coordinates the Dirac operator 0, takes the

form
Oy =w (87.4— 1F) .
r

Proof. By means of (2.5) and Proposition 2.40 we find
rwdy = —(rd, + I or WOy = — <3,« + £) )
Multiplying both sides of the above equation by —w yields the desired result. [
Lemma 2.42. One has
Nw)=(m-1w, wes™

Proof. Combining Lemma 2.31 with the previous Proposition 2.41 yields

r
w (6; + > [rw] = —m.
r
Hence we also have
ww+Tw]) =-m or wlw] =—=(m —1).
Multiplying both sides of the above equation by —w yields the desired result. [

We end this subsection with establishing some commutation relations involv-
ing the angular Dirac operator.

Proposition 2.43. One has
(i) Tou=w(m—-1-T)
(ii) Te =2(m—-1-T)

(iii) T9p = 9 (m —1-T) .

Proof. (i) We have
(Tw)f =Twf] = Dw]f +Twf = (m — Vwf + Twf.
Using (2.8) yields
Op = Zejazj = Zej(z gjtwt)a'r‘ + 714 Zejawj - i Zej Zwk(z gjtwt)aw’“
J J t J J k t

= ew)o, - fwzeﬂ'awj - i D> WO ew)o
t j k t

w - w
=wl — w g e'0,i — g Wk k.
r L r
j k
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Next, keeping in mind the expression of the Dirac operator in spherical coordinates,
the following expression for the angular Dirac operator I' is obtained:

I = —wzejawj _ Zwkawk.
J k
Consequently
Twf=-wY Fduwf - wiwf=-wd ew of —w YW of
: ’ ow* Owk
k k & -
From
efw 4 wek = ekzwjej + ijejek _ ij(ekej I ejek) _ —2wk,

we infer

L . 0 0 el .0
Twf = —wZ(—wek - ka)&fk —wakajk :waekajk —i—wak&fk
k k k

k
= w(wzk:ekaik + zk:wkaik)f = —wl'f.
Hence, the following commutation relation holds
Tw=(m-1)w—wl
(ii) As [I',r] = 0, the above result (i) also yields
F'z=xz(m—-1-T).

(iii) We now easily obtain
I'o, =Tw <8,~+ 1F) =wim—-1-T) (6‘T+ 1F>
T T

:w(ar+ir> (m—1-T)=dy(m—1-T). O

2.6. Solid g-spherical harmonics

In Subsection 2.4 we have introduced the g-Laplacian
Ag = gjkaijrk
and shown that it is factorized by the Dirac operator:
2
0; = —A,.

This leads inevitably to a relationship between the concepts of harmonicity and
monogenicity.

Definition 2.44. A g-harmonic homogeneous polynomial Sy, of degree k in R"™:
Sk(z) € P, and Ag[Sk(x)] =0,
is called a solid g-spherical harmonic.

The space of solid g-spherical harmonics is denoted by H (k).
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Obviously we have that
M, (k) Cc H(k) and M, (k) C H(k).
Note also that for P,_1 € M, (k — 1)
xPy_1 € H(k),
since, by Theorem 2.38,
Ay[xP—1] = (=03 [xPy_1] = 0.[(2k — 2 +m)Py_1] = 0.

The following decomposition nicely illustrates that Clifford analysis is a re-
finement of harmonic analysis.

Proposition 2.45. The space of solid g-spherical harmonics can be decomposed as
H(k) = M/} (k) ® M, (k — 1).
Proof. For each Sy, € H(k) we put
Py = 04[5k
Naturally P,_1 € MZ‘ (k—1), and by Theorem 2.38,
Op[tPy—1] = —(m+ 2k — 2) Pi_1.

Hence
1
Ry=S5 Py
k kTt m ok 9 T
is left monogenic, which proves the statement. O

This monogenic decomposition now allows for an easy proof of the, coarser,
g-harmonic decomposition of homogeneous polynomials.

Theorem 2.46 (g-harmonic (Fischer) decomposition). Any Ry € Py, has a unique
decomposition of the form

Ry(x) = Y [|2]* Sk-as(@),
2s<k

where the Sk_os are solid g-spherical harmonics.
Proof. Take Rg_2 € Pr_2 and Sy, € H (k).
As —A, is the Fischer dual of 22, we have
(xZRk—Q(x)a Sk<x)> = - |:RJ122 (gljawj yeoe 7gmjawj> Ag [Sk(x)]

= — (Rp—2(x), Ag[Sk(x)]) -

Similarly as in the proof of Theorem 2.24, this result implies that any Ry € Py
may be uniquely decomposed as

Ry =S, + Hx”QRk_Q; Sk € H(k), Ry_o € Pr_o.

0
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Recursive application of the above result then indeed yields:

Ri(x) = Y [|l2]|* Sk-2s(z) with Sp_o, € H(k — 2s). 0
2s<k

We end this subsection with the introduction of the so-called g¢-Laplace-
Beltrami-operator.

We start from the decomposition of the g-Laplacian established in Corollary
2.33 and pass on to spherical coordinates:

1
Ay = (ro, +m—-T) .

2
1
=10y, 2

(ro, +T)
m 1
(ro, +T) + 2 (ro,+T)-T 2 (ro, + 1)

1 1 m m 1 1,
= r(—2)7ﬁ3 (ro, +T) + rar(rar +T) + . Oy + 7,ZF _Fra’" - 7,ZF

m

2 2 1 1
=—"0,— T+ 0. +0+ o,T+ "o, + )
T T T T T T

m—1)

1 1
r- or— 1°
T T

=83+(

Or + :2 [(m —2)T —T?]

or finally

m—1 1 ..,
., 8T+r2A9’

where we have put
Ay = ((m —-2)— F)F.
The operator A7 is called the g-Laplace-Beltrami operator. Note that this operator
commutes with the angular Dirac operator:
[, A7] = 0.

It follows that also the g-Laplace operator commutes with the angular Dirac op-
erator:

[, A,] = 0.

2.7. The g-Fourier transform

Let A be a positive function on R™. Then we consider the Clifford algebra-valued
inner product

(f,9) = / (@) (@) g(a) da™

where dz™ stands for the Lebesgue measure on R™; the associated norm then
reads

1£1% = [{f, Fo-
The unitary right Clifford-module of Clifford algebra-valued measurable functions
on R™ for which || f||? < oo is a right Hilbert-Clifford-module which we denote by
Lo(R™, h(z) dx™M).
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In particular, taking h(z) = 1, we obtain the right Hilbert-module of square inte-
grable functions:

Lo (Rm, dz™M ) = { f : Lebesgue measurable in R" for which

1/2
1= ([ 15 @) < oo},

Naturally, L (R’”, da™M ) denotes the right Clifford-module of integrable functions:

Ly (Rm, daM ) = { f : Lebesgue measurable in R™ for which

1= [ 1@ ds™ <o},

Now we define a g-Fourier transform on Li(R™, dx™)-functions, which by a
classical argument may be extended to La(R™, dz™).
This g-Fourier transform of f, denoted by F,[f], is defined by:

Folfl(y) = (\/1%)7”/,” exp (—i(x,y)) f(z) dz™

1 m )
= exp (—igipz’y®) f(at, ..., 2™) dzM.
(\/QW) /m xp (—igira’y”) f( )

To show that this definition is meaningful in this metric dependent context, it is
immediately checked how this g-Fourier transform behaves with respect to mul-
tiplication with the variable z and, by duality, with respect to the action of the
Dirac operator.

Proposition 2.47. The g-Fourier transform F, satisfies:
() the multiplication rule: Fylxf(x)](y) = i0y Fylf (x)](y);
(ii) the differentiation rule: Fy[0yf(x)](y) = iy Fylf (2)](y).

Proof. We have consecutively

O At @0 =T () [ i o o) i
égj’“ek(f%)m [ ewite) & ) o
-2 <¢2w>m/me@ i) P’ ) e
-2 <m)m [ e ila))] fa) do
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@) Fo @ =Y () [ ewi-iten) o)

Ser( o) AL o oo it ] at

J

- / _Ous[exp (~ifr, )] £ (@) dxM}
zzj:ej (\/;ﬂ)m/m exp (—ilz,y)) zk:gjkyk F() da

- j%)m [ e (ite.) S eut Sto) s

= iy Fylf (@)](y). 0

Another interesting question which is raised at once is a possible relationship
with the classical Fourier transform F given by

#i = () [ ew (izxﬂ'yﬂ') £ ) o,

To this end we will use again the basis (E; : j = 1,...,m) consisting of eigen-
vectors of the matrix G = (g,x) and the orthonormal frame (nj s j=1,...,m)
(see Subsection 2.3).

Proposition 2.48. One has
1

RN = " FAPT @)IPATR).

Proof. By definition we have

N0 = (y ) [ ew il 6w) 1)

~(an) [ e it TGAP 62Y) S da.

By means of the substitution (z7) = AP~!(2'7) for which
1

da? =
! \/)\1~-~)\m

1M
dx'™",

this becomes

fg[f(xj)}(yj) = \/)\1 .1_.)\ (\/1271_) /mexp (-i(x/j)T<y/j)) f(APil(x/j» dm’M
! =113 T j
= ., FUAPTI@IIPAT (), )



48 F. Brackx, N. De Schepper and F. Sommen

This result now allows us to prove a Parseval formula for the g-Fourier trans-
form.

Theorem 2.49. The g-Fourier transform F, satisfies the Parseval formula
(f,hy =Moo A (Fylf], Fylh]), foh € La(R™, dz™). (2.9)
Proof. Applying Proposition 2.48 results into

El @ F ) = [ (ELN) FR) i dy”

= oo, L FrAP @ PAT )
FIWAP @ N(PAT (7)) dy* ... dy™.

By means of the substitution (27) = PAT (y7) or equivalently (y7) = AP~1(27) for

which
1

dzb. .. dz",
AN, G

dy' ... dy™ =
this becomes
j j 1 1
Folf @), Fylh(a?)]) =
FolF @ TP @D =y a a fe
FIMAP (2" )](27) dz'...d=".
Next, applying the Parseval formula for the classical Fourier transform F yields
(FolF (@), Fo[h(=")])
1 1 . .
= AP Y2 W(AP~ (2" de't .. dx'™.
)\1-~-)\7n\/)\1...)\m Rm,f( (x )) ( (ZI' )) X €
Finally, the substitution (u/) = AP~(29) or equivalently (z"9) = PAT (u7) for
which

(FIF(AP(a"))(z"))"

de’t . da™ = /A A dut L du™

leads to the desired result:
. . 1 . .
(Folf @)], Fylh(2?)]) = fT(w?) h(u?) dut ... du™
)\1 P )\m Rm™
1

= h). ]
)\1...)\m<f’ )

Remark 2.50. Note that the classical Fourier transform and the g-Fourier trans-
form are also related by:

Folf @)](y) = FIf ()G ("))
allowing for a shorter proof of the Parseval formula (2.9).
Indeed, by means of the substitution (u/) = G(y?) or equivalently (y7) =
G~ 1(u?) for which
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we find
<«7:9[f<.’1?‘1)]a]:9[h<.’1?‘/)]> = /m (]—'[f(xj)}(G@g)))T f[h(xj)}(G@J)) dyM
T A 1 Am Jpm (f[f(xj)](uj))T Flh(a))(u?) du™
1
- Al A <f’ h>

3. Metric invariant integration theory
3.1. The basic language of Clifford differential forms

In this subsection we gather some basic definitions and properties concerning Clif-
ford differential forms in the metric dependent setting.

Next to the contravariant vector of coordinates (z!,..., ™) we consider the
contravariant tensor of basic differentials (daz?t,... dx™).

By means of the defining relations:
delda? =0, j=1,....,m
delda® = —da®da?, j#k, jk=1,...,m,

these basic differentials generate the Grassmann algebra or exterior algebra

over R™
m

AR™ =Y @A"R™,
r=0
where A"R™ denotes the space of real-valued r-forms.
The basic toolkit for Clifford analysis is now extended to the “algebra of
Clifford forms”

O = Alg{zt, ..., 2™ dat, ... dx™ e, ... em;i).

A Clifford form F' € ® thus takes the form

F =Y Fyda
A
with
Fa=)Y fap@) es , fap:R"—C
B
and
de? = de™da™ .. . dr'r , A= (i1, ..., ip).

Equivalently, we can also write
F = Z GB ep
B

with
GB = E fA’B(x) da:A.
A
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The exterior derivative d is defined by means of the following axioms: for a
Ci-form F' € ® one has
(A1) d(2/F) = da/F + 27 dF
(A2) d(da’ F) = —dx/dF
(A3) d(eJF) = ej dF.
We also have the property d?> = 0 and with respect to the local coordinate system,
d may be expressed as:

d = 6‘1j dI‘j.
Hence for a Ci-form F =) , Fa dz we have

dF =Y "0, [Fa] da? dz?.
A

We also mention the following basic result, perhaps the most fundamental and
most intriguing theorem in mathematical analysis.

Theorem 3.1 (Stokes’s theorem). Let ¥ be an oriented k-surface in R™ and F a
continuously differentiable (k — 1)-form. Then one has:

/ F:/dF.
2D by

Next we define the basic contraction operators, determined by the relations
(C1) Oy ) (2*F) =2k 9,5 | F
(C2) 0,5 |(da*F) = 6% F —dx*d, | F .
Note that, due to (C2), the contraction operators d,;| are in fact a kind of de-
rivative with respect to the generators dz?. They are sometimes called fermionic
derivatives.
The Dirac contraction operator is given by

81;J = ejé)r,-J.

Before discussing the notion of directional derivative and Lie derivative, we
must point out a subtle difference between wvector fields and Clifford vector fields.
In differential geometry an operator of the form

v=v(x) 0y , v : R™—=C (3.1)

is called a "vector field with components v7”, whereas a Clifford vector field has
the form
v=2v(r)e; , v : R™—C.
For a survey paper on differential forms versus multi-vector functions, see [3].
Moreover, in Clifford analysis one may even consider vector fields (3.1) with
C,n-valued components v7, which leads to several new interesting possibilities.
First of all, given a Clifford vector field

v=0v(z) 0y , v : R™ —=Cp,
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one may consider for any differential form F =) , Fa dz? € ®, the directional
derivative (or Levi-Civita connection)

V[F] =07 (2) 045 [F] =) _ v[Fa] dz?
A

and contraction
v] F=v" 0, |F.
One may also consider the Lie derivative in the direction of v
L,F = | d+dv|)F
that satisfies
Lyd=dL,.
The Leray form L(x,dz) is defined as
L(z,dz) = E|dz™ = Z(fl)jﬂxjdxM\{j}
J
with
E| =270, and da™M = dzt ... dz™
and finally
deM\IY = dgt L [da?] . da™.

This Leray form L(z,dx), which we will use in the sequel, is naturally closely
related to the elementary volume element form dz™. We have two formulae as to
that issue.

Proposition 3.2. One has
(i) dL(z,dx) = m dz™;
1
(ii) dzM = " dr L(z,dz).
T

Proof. (i) In a straightforward way we obtain

dL(z,dz) = Z(fl)j+1 da? daM\IY = Zd:cM =m da™.

j=1 j=1
(ii) Differentiating the relation
T2 = Zgjk$]$k = Zgjj (IZ?])Q + 2 Zgjk$]xk,
j.k J i<k
yields

2r dr = QZgjj pde? + 2 Zgjk da? z® JrZZgjk wldak.
J i<k i<k
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Hence we have
r dr L(z,dz)

= gj; ’ da’ (Z( 1)t da M }>
j

%

+ Zgjk; z* da? (Z( 1)t daM\ }>

j<k i
+ > gk 2’ da* (Z( 1) gt dg M\ })
j<k i
= Zgﬂ'j (27)? (=1)7 1 da? dx™ I} +Z~‘7ﬂ'k aFad (=111 dad daM MY
i<k
+ Zgﬂk 2 1)E+L d g M\{k}
i<k
= gj; @)™ +> gy aFalda™ +) g )k da™
J i<k i<k

Zgﬂ (z7) —l—Qngx] da™M

i<k
=r? daM
which proves the statement. O

It is clear that the Leray form is homogeneous of degree m, i.e., it transforms
like
L(Az,d(A\z)) = LAz, Mdz + zd)\) = X" L(z,dz).
Hence, we define the associated Leray form of degree O:

L(x,d
L(w, dw) = <i;" x), wesmt

so that, by Proposition 3.2
da™M = ™1 dr L(w, dw).

The last differential form needed, is the so-called sigma form o(z,dx), de-
fined as
o(z,dz) = 9, dz™ = Z(—l)j+lejdxM\{j}
J
and we shall see that it can be interpreted as the oriented surface element on a
hypersurface.
A first auxiliary property reads as follows.

Lemma 3.3. One has
do(x,dz) = 0.
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Proof. As d? = 0, we immediately have
do(x,dz) = (~1)"*" & d(da™\UT) = 0. 0
J
Next we search for a relationship between the Leray and the sigma form.
Theorem 3.4. In the whole of R™ one has
z o(x,dz) + o(x,dx) © = —2L(x,dz).
Proof. As . 4 _
exe’ +e’ep = —207,
we easily find by a direct computation
z o(x,dx) + o(x,dr)
= Zxkek Z(fl)ﬁleidzM\{j} + Z(fl)ﬁleidzM\{j} Z zFey,
, r k
= Zx J+1dxM\{J}(ekeJ +éler)

:—QZxJ 1) daM\UY = 2L (2, dx). 0

Remark 3.5. The relationship established in Theorem 3.4 may also be written as
{z, o(x,dz)} = —2L(x,dx) or zeo(x,dr) = —L(z,dx).

Finally we look for an expression of the sigma form in terms of the classical
elementary hypersurface element. To that end consider a smooth hypersurface X
in R™. Let « be an arbitrary point on %; then we call n(x) a unit Clifford vector
along the surface normal to ¥ at the point z. By definition n(x) is orthogonal to
the tangent space of ¥ at x, and so, putting dr = Z L ejdat:

(n,dz) =0
or
Z nge n*dz’ = 0. (3.2)
kot

If, e.g., ¥ is given by the cartesian equation ¢(x) = 0, then a Clifford normal
vector at x is given by

D) =D N = e 0ulel g =D en (Vo) (g0)7"
k k 7 k

for which indeed

P ;
[
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Note that N(z) is not a unit vector since

IN(@)[]> = (N(x),N(z)) = > > gjx NN*
7k
=3 3N gk Outle] g7 O[] g
7 k t s
=N SN Ol Oueli] 9% = 30D Outlie] Duclie] g
k t s t s

and hence
ok 2 ek Ouilp] g7* _
(TS, 06 Ol o)

Now it may be proved that the sigma form is also orthogonal to the tangent space
or, equivalently, that the sigma form lies along the surface normal at the point
considered.

n(r) =

Proposition 3.6. Let ¥ be a smooth hypersurface and n(z) a unit normal Clifford
vector at x € X, then

n(xz) A o(z,dr) =0.
Proof. By definition we have

n(z) Ao(z,dr) = (Z eknk> A (-1t d M\
k

J

= ngt etn® | A Z(—l)j+lejdxM\{j}
k.t

J

an Z(—l)jﬂgkt et Al dxMMIY, (3.3)
& j

Note that the above expression is a Clifford bivector; furthermore, as e/ A ¢/ = 0,
only the terms with ¢ # j remain.

Take such a t and j fixed with, for example, ¢ < j and consider the coefficient
of the bivector e’ A /.

In view of the anti-commutativity of the outer product
el Nel = —el A et,
this coefficient takes the form

Zn 1D gy da™\UY — Zn —1)* gy deM\Mt
k
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As, by assumption, t < j, the above expression can be rewritten as
an (71)j+1 Grt (71)t71 dxtdIJV[\{t,j}
k

— an (=)' gij (—1)772 da? daMMET}
k

= (—1)’* (Z n* gre dzt + > P gy dxj> daM\E5}

k k
Finally, by means of (3.2) we have

angkg dazt | daM\t3d = g
0,k

or equivalently
(Z nFgre dat + angkj daﬂ) daMMt3t = .
k k

Hence, the coefficient of each bivector ef A ¢/ in (3.3) is zero, which proves the
statement. O

Corollary 3.7. For any point x on the unit sphere S™~1 one has
x Ao(x,dx)=0.

Proof. Tt suffices to note that for any point € S™~!, a unit normal vector is
precisely given by n(z) = z. O

Combining Theorem 3.4 and the previous Corollary 3.7 yields the following
additional result on the unit sphere.

Corollary 3.8. For each x € S™ !, one has
x o(zx,dr) = o(x,dz) x = —L(x,dx) and o(x,dx) =z L(z,dz) = L(x,dz) .
3.2. Orthogonal spherical monogenics

The aim of this section is to establish orthogonality relations between the inner
and outer spherical monogenics on the unit sphere.

3.2.1. The Cauchy-Pompeiu formula.

Theorem 3.9 (Cauchy-Pompeiu). Let 2 be a compact orientable m-dimensional
manifold with boundary O and f,g € C1(Q). Then one has:

f ola,dz) g = / ((f02)g + F(rg)) dz™
o0 Q

and in particular, for f =1:

/ma@c,dx) g:/Qaw[g} M.
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Proof. Taking into account that the sigma form is an (m — 1)-form, for which
moreover do(x,dz) = 0 (see Lemma 3.3), we have

d(f o(a,dr) g) = d(f olx,dz)) g+ (~1)""'f o(x,dz) dg
= df o(a,dx) g+ (1) f oz, dz) dg

_Zaﬂ flda? o(z,dz) g
+ ) foledn) (M de 0uld)). (34)

J

Now for each j =1,2,...,m fixed, we obtain

do? o(z,dz) = da’ (Z(il)kJrl kdIM\{k}) _ Z(il)kJrlekdxdeJV[\{k}
k

— § k+1 k )jfldxM(sj’k _ ejdxM

and similarly

o(x,dr) do’ = Z(—l)kﬂekdxM\{k}dxj = Z(—l)kﬂek(—l)m*jdxMéj,k

k k
= (=1)mTled da™M
Hence, (3.4) becomes
d(f o(z,dz) g Z@M ejgdxM—l—fZejawj[g] daM
J
= (fam)g dz™ + f(Dug) da™

Consequently, by means of Stokes’s theorem (Theorem 3.1) we indeed obtain

fa®dwg=lﬁﬁo®A@$
=l}ﬁm9+ﬂ@mhmM

o0
g

The Cauchy-Pompeiu formula immediately yields the following fundamental result.

Corollary 3.10 (Cauchy’s theorem). Let §2 be a compact orientable m-dimensional
manifold with boundary 0. If f is right monogenic in Q and g is left monogenic
in €, one has:

f o(z,dz) g =0.
o0



Metrodynamics with Applications to Wavelet Analysis 57

3.2.2. Spherical monogenics.

Definition 3.11.

(i) The restriction to S™~! of a solid inner spherical monogenic P, € M, (k)
is called an inner spherical monogenic, while the restriction to S™~! of a
solid outer spherical monogenic Q € M, (k) is called an outer spherical
monogenic.

(ii) The restriction to S™~! of a solid g-spherical harmonic Sy, € H (k) is called
a g-spherical harmonic.

The space of inner, respectively outer, spherical monogenics of order k is denoted
by ./\/lz'(k‘)7 respectively M, (k), while the space of g-spherical harmonics of degree
k is denoted by H(k).

Inner and outer spherical monogenics on the unit sphere S™~! are related as
follows (see Proposition 2.39):

Pi(z) € M} (k) <= zPy(z) e M, (k), z€S™ "
This result combined with Corollary 3.8 enables us to prove the orthogonality of
the spherical monogenics.
Theorem 3.12 (Orthogonality spherical monogenics).

(i) Any inner and outer spherical monogenic are orthogonal, i.e., for all k and
t one has

/S,H Ql(x) Pi(z) Lz, dx) = 0.

(ii) Inner spherical monogenics of different degree are orthogonal, i.e., for t # k
one has

/S,H Pl(x) Py(x) L(x,dx) = 0.

(iii) Outer spherical monogenics of different degree are orthogonal, i.e., fort # k
one has

Lm—l QI(-'L') Qr(z) L(x,dx) = 0.

Proof. The proof is based on Cauchy’s theorem (Corollary 3.10) with € the closed
unit ball 4
Q=B() = {zeRl, : [z = (gpa’ah)/2 < 1)
and 91 the unit sphere:
N=8"1={zecR] : 2*=— HxH2 = —gjpriat = —1}.
(i) Take two arbitrary spherical monogenics Py € M/ (k) and Q¢ € M (t).
By means of Corollary 3.8 we have

/S Ql(x) P(x) L(x,dz) = Ql(2) (—z oz, dz)) Py(x)

Sm—1

_ /S @) oledn) B (39)
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As Qy € M, (t), there exists P, € M (t) such that
Pi(z) =2 Q(x), z€S™ .

Hence equation (3.5) becomes

Ql(z) Pu(z) L(z,dz) = / Pl (z) o(z,dz) Py(x).

Sm—l Sm,—l

Moreover, as PtT is right monogenic in B(1), while Py is left monogenic in B(1),
Cauchy’s theorem yields

/ Pi(2) o(x, dz) Pe(x) = 0.
S’anl

(ii) Take P, € M/ (t) and P, € M/ (k) arbitrarily with ¢ # k.
For the sake of clarity, we now use the notation w to denote an arbitrary
element of the unit sphere S™~!. Similar to (i), we have consecutively

/ Pl(w) Pe(w) L(w, dw) = / WP(w))| o(w, dw) Pe(w)
S’anl

Sm—1
— [ Qlw owdo) Pi)

sm-

with @Q; € M, (t) such that
Qt(w) = w Pt(W)
By definition, there also exist Q; € M, (t) and P, € M, (k) such that
Qt(x)/Smfl = Qt(w) and Pk (.T)/Smfl = Pk(w).
Next, consider the integral
| Qi@ owdo) Pio)
9B(p)

where B(p) denotes the closed ball with radius p

i kn1/2
B(p) ={z € Ry, : |z| = (gjua’a®)"" < p}.
This integral is independent of the radius p. Indeed, applying Cauchy’s theorem
to the compact manifold Q = B(p) \ B(p) with boundary 9Q = 0B(p) U dB(p)
yields

Ql(z) o(z,dz) P(z) =0
ie)
or, taking into account the orientation of o(z, dx),
/ Qi (@) o(z, dz) Po(x) = / Ql(@) olx, dz) Pu(z).
dB(p) 0B(p)
Hence the following equality holds for all p € [0, ool

/ Q} () o(w, dw) Po(w) = / Q}(z) o(z. dz) Py(z).
Sm,fl

9B(p)
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Passing on to spherical coordinates z = pw, w € S™~! for all z € dB(p) gives

[ Qhw) o) Piw) = [ Qlipw) olpo.dipw)) Pulpe)
Sm—1

Sm—1

= pht Qi(w) o(w,dw) Pg(w).
Sanl

Since, by assumption, ¢ # k the above equation implies

/Smf1 Qf(w) o(w, dw) Py(w) =0

which proves the statement.
(iii) Similar to (ii). O

4. The radial g-Clifford-Hermite polynomials
and associated CCWT

4.1. The radial g-Clifford-Hermite polynomials
On the real line the Hermite polynomials may be defined by the Rodrigues formula

) = (0o (5) © . 0=0,1,2
£ - exp 9 dtt exp 9 ’ R

They constitute an orthogonal basis for the weighted Hilbert space

Lo <} — 00, +00[ , exp (i) dt),

and satisfy the orthogonality relation
“+ o0 t2
/ exp (—Q)H[(t) Hi(t) dt = ¢! Vor 0o,k
—00

and the recurrence relation
d
Hg_H(t) =t Hg(t) — gt <H((t)>

Furthermore, Hy(t) is an even or an odd function according to the parity of ¢, i.e.,
Hy(—t) = (=1) H,(t) .

Similar to this classical situation and to the orthogonal Clifford analysis case
(see [27]), the so-called radial g-Clifford-Hermite polynomials are defined by the
Rodrigues formula

Y 21 4 =l _
Hy(x) = (—1)"exp 9 0, |exp 9 , £=0,1,2,.... (4.1)
They satisfy the following recurrence relation.

Proposition 4.1. The radial g-Clifford-Hermite polynomials satisfy the recurrence
relation

Hyi(2) = (@ — 0,) [ Hy(x)) (4.2)
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Proof. As
2 2
e (1) =orlee ()

2 1 2
= exp <x2 > (2> (—2z) = zexp <||a; >,
we have consecutively

o= ()] 2o (1)
¢ 0o (107 ot o (141
o (1 ||2> tfown (1)) - et

= Hy(z) — Hppa(

which proves the statement. O

The recurrence relation (4.2) allows for a straightforward computation of some
lower dimensional g-Clifford-Hermite polynomials:

Hy(x) =

Hy(z)==x

Hy(x) =2 +m = —|z]* +m

Hy(x) =23+ (m+2)z = (—||z||* + m +2)

Hy(z) =z* +2(m + 2)2® + m(m + 2) = ||z]|* = 2(m + 2) ||z||* + m(m + 2)

etc.

Note that Hy(z) is a polynomial of degree ¢ in the variable x = 27¢;, that Hae(x)
only contains even powers of x and is scalar-valued, while Hop41(z) only contains
odd powers and is vector-valued.

By means of the Rodrigues formula (4.1) and the Cauchy-Pompeiu formula
(Theorem 3.9) we obtain the following orthogonality relation.

Theorem 4.2. The radial g-Clifford-Hermite polynomials Hy(z) are mutually or-

2
thogonal in R™ with respect to the weight function exp (7 “552” ), i.e., for £ £t one
has

2
H}(x) Hy(z) exp (”2 ) dzM = 0.
Rm

Proof. Suppose that ¢ < t; the case ¢ > t follows by Hermitian conjugation.
As Hy(z) is a polynomial of degree £ in z, it is sufficient to show that for
eacht € Nand ¢ < t:

¢ PN
x* Hi(z) exp 5 dz™ = 0.
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We prove this by induction on ¢. For £ = 0 we have for each ¢t > 0:

[ @) e (”5';”2) M
— (1 [ 2 [exp <$2||2)} .y
= (=1)" lim_ (/BB(ma(x,dx) a;—l[exp <_||962||2>D Y

where we have used the Rodrigues formula (4.1) and the Cauchy-Pompeiu formula.
Assume that orthogonality holds for (¢ — 1) and ¢ > (¢ —1). Take ¢ > {. Again by
means of the Rodrigues formula and the Cauchy-Pompeiu formula, we obtain:

/m z' Hy(z) exp (”2'2> da™

= (f)t/m ot {exp <’;”2)] da™

vt L [ oy o o (1))
- /m(xfax) 8;.1[exp <—”;2)] d:vM}

=0 [ @) ail{exp (-”2'2>] dzM

= /m(xfax) H; 1(z) exp (”2'2) da™M.

From Theorem 2.38 we obtain in particular

By[zt] =

—¢ gt for ¢ even
—(l—1+m) 21 for £ odd.

Hence, by Hermitian conjugation we find
20, = —0 21 for £ even
T =l —=14m) 2zt for £ odd.
(

Summarizing: [2%]0, ~ ‘71, so that in view of the induction hypothesis

! Nl -1 PN
x" Hy(x) exp 5 dz™ = "7 Hi—1(x) exp 5 dz™ = 0.
m Rm
(]



62 F. Brackx, N. De Schepper and F. Sommen

4.2. The g-Clifford-Hermite wavelets

As already explained in the introduction (Section 1) mother wavelets are Lo-
functions, possibly with a number of vanishing moments, and satisfying an admis-
sibility condition, turning the corresponding CWT into an isometry between the
Ls-space of signals and the weighted Ls-space of transforms.

Now we show that the radial g-Clifford-Hermite polynomials constructed in
the foregoing subsection are the building blocks for multi-dimensional Clifford
mother wavelet functions.

For t > 0 Theorem 4.2 implies that

I S Vo
H;(x) exp 9 dz™ =0.

In terms of wavelet theory this means that the alternatively scalar- or vector-valued
L1 N La-functions

o) = 1) o (117 = ot ey (1))

have zero momentum and are a good candidate for mother wavelets in R™, if at
least they satisfy an appropriate admissibility condition (see Subsection 4.3). We
call them the g-Clifford-Hermite wavelets.

The orthogonality relation of the radial g-Clifford-Hermite polynomials im-
plies that the g-Clifford-Hermite wavelet i, has vanishing moments up to order

(t—1):

Rm

/ 2ty (z) de™ =0, £=0,1,...,t—1.

As the capacity of wavelets for detecting singularities in a signal is related to their
number of vanishing moments, this means that the g-Clifford-Hermite wavelet 1),
is particularly appropriate for pointwise signal analysis whereby the corresponding
CWT will filter out polynomial behavior of the signal up to degree (¢t — 1).

Next, we compute the g-Fourier transform of the g-Clifford-Hermite wavelets.

Lemma 4.3. The g-Fourier transform of the g-Clifford-Hermite wavelets takes the
form:

Rl =, 1 iyt e (10,
VAL A 2
Proof. First, Proposition 2.47 yields
2
. x
Fylin@)w) = (i)' 7, [exp (— o] )] ).
Moreover, by means of Proposition 2.48 and the fact that the function
1G\T 13
exp (7 (@ J)Q(m J)) is an eigenfunction of the classical Fourier transform:

o (O i) = ()
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we obtain consecutively

£ oo (107) [ = 2 e (<5 0 = 2o () )
_ 1 }_[exp ( (AP~ Yz )T G (AP—l(x/j)))] (PATG)

VAL Am | | 2
- .1..)\m exp ( <PAT<yf>>2T PAT(yj))
_ 1 (%) TG ()
VIS Wik o >

S
T ey (1)

Hence, we indeed have

=, crwen().

4.3. The g-Clifford-Hermite Continuous Wavelet Transform

In order to introduce the corresponding g- Clifford-Hermite CWT, we consider, still
for ¢ > 0, the continuous family of wavelets

. 1 —b
%bu>=ammu%(xa ),

with @ € Ry the dilation parameter and b € R™ the translation parameter. The
g-Clifford-Hermite CWT (g-CHCWT) applies to functions f € Ly(R™, dz™) by

Tifl(ab) = Filab) = 0. 0) = [ (6"@)" 1o de

_ 12 _ T
= e Lo (1) (m (7)) s

This definition can be rewritten in the frequency domain as
Fi(a,b) = M - A (Folwf"], Folf])
@ T
N [ (FBRW) FlA) d (43)

The Fourier transform of the continuous family of wavelets:

A= () [ ewitoa) o (") e,
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can be calculated by means of the successive substitutions t = x — b and u =
yielding

T[] (y) = (\/1%)’" anll/z exp (—i(b, y))/m exp (—ilt,y)) ¥y (Z) M

_ (j%) a2 exp (~i(h,) [ exp(~ifu,an)) win(w) du

/2 exp (—i(b, y)) Fylhi)(ay).

Consequently (4.3) becomes

Fab) = XA a2 [ exp (b)) (Flvian)’ 7(Aw) dy”

=a

=M @™ 2/ fg[(fg[wt](ay)f Folfl(y)|(=0).  (44)

It is clear that the g-CHCWT will map L2(R™,dz™) into a weighted Lo-
space on Ry x R™ for some weight function still to be determined. This weight
function has to be chosen in such a way that the CWT is an isometry, or in other
words that the Parseval formula should hold.

Introducing the inner product

—+o0
F), Qi = / / (Fa,b)' Qula,b) 0%, db™,
we search for the constant C; in order to have the Parseval formula

[Fy, Qi) = (f, )

fulfilled.
By means of (4.4) and the Parseval formula for the g-Fourier transform (The-
orem 2.49), we have consecutively

™ +°°
70l = O v [ @ e £l0) )
Fo [, p(en)! F,lal(w)] () d an
_ (@mm 2
=0 (aem)
+00 a
| & @) £A0]F (Fle) Fdw])
_@2mm
=0 M An

da
a

e i i
[ (@) w1, (Floda) 7o)
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(2m)™

- Mo

=6 )
+oo )
/’"A (FolF 1N Fylibe(ay) (Fylte](ay)t Fylal(y) (i Y
(2m)™

= AL
Cy

+oo
Lo ([ A @)

By means of the substitution

Am

i d”) Folal(y) dy™.

y= " w, we st for which da = dr’
a a r
the integral between brackets becomes
oo da oo dr
; Folinl(ay) (Folvnl(ay))' = ; Fyle] (rw) (Fylwed (ro))" °

As

Falnd) (Fldw)' = |l e (<[ul)

is radial symmetric (i.e., only depending on ||y||), the integral between brackets
can be further simplified to

400 a fg ¢ fg . 1
[ A FEan) = [ W(y)z(/nmwy)) dy™

where A, denotes the area of the unit sphere S™~! in R™.
Consequently, if we put

m T

T A Iy
_@mm (t=-1)!
D VD W 2 (4.5)

the desired Parseval formula follows:
Fa @l =N [ (FAW) ) ay™
= A1 Am (Flf], Folal) = (f,a)-

Hence we have proved that the g-Clifford-Hermite wavelets satisfy the so-called

admissibility condition

(2m)m / Foltd ) (Folirl )’
An Jo "

The g-Clifford-Hermite CWT is thus an isometry between the spaces La(R™, dz™)
and Ly(Ry x R™, C; ta=(m+D) da dbM) .

Ct = dyM < Q0.
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A Hierarchical Semi-separable
Moore-Penrose Equation Solver

Patrick Dewilde and Shivkumar Chandrasekaran

Abstract. The main result of the present paper is a method to transform a
matrix or operator which has a hierarchical semi-separable (HSS) represen-
tation into a URV (Moore-Penrose) representation in which the operators U
and V represent collections of efficient orthogonal transformations and the
block upper matrix R still has the HSS form. The paper starts with an in-
troduction to HSS-forms and a survey of a recently derived multi resolution
representation for such systems. It then embarks on the derivation of the main
ingredients needed for a Moore-Penrose reduction of the system while keeping
the HSS structure. The final result is presented as a sequence of efficient algo-
rithmic steps, the efficiency resulting from the HSS structure that is preserved
throughout.

Mathematics Subject Classification (2000). Primary: 65F; Secondary: 15A.

Keywords. Hierarchically semi-separable systems, hierarchically quasi-separ-
able systems, Moore-Penrose inverse, structured matrices.

1. Introduction

Many physical systems are modeled by systems of differential equations, integral
equations or combinations of them. Solving these systems requires discretization
of the equations and leads to large systems of algebraic equations. In the case
of systems governed by linear equations, the resulting system of equations will
be linear as well and can be solved either directly or iteratively, involving a pre-
conditioner and a Lanczos-type recursion. In the case of non-linear systems, the
discretized system will be non-linear as well and an iterative procedure has to be
set up to find the solution. Such a procedure is, e.g., of the ‘Newton-Raphson’
type and would in turn require the solution of a system of linear equations, now
involving a differential such as a Jacobian. In all cases the resulting systems tend to
lead to matrices of very large dimensions, even for fairly small problems, so that
solvers using standard numerical procedures quickly run out of steam. Luckily,
many systems exhibit quite a bit of structure that can be exploited to make the
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solver more efficient. In the case of a discretized system for a differential equation,
the resulting matrix structure will be very sparse, as only entries corresponding
to nearby points will be different from zero. In this case, the matrix-vector multi-
plication can be efficiently executed. Iterative methods are well suited to exploit
this fact, but they are dependent on a low-complexity approximant of the inverse
of the original system, the so-called preconditioner. Approximate solutions of the
system can be iteratively constructed via low-complexity calculations, provided
the pre-conditioner exhibits the necessary structure.

In the case of integral equations, it has been remarked by Gohberg, Kailath
and Koltracht [9] and Rokhlin [12] that low rank approximations of the integral
kernel lead to large submatrices of low rank in the resulting system of equations.
Exploiting this structure which was termed ‘Semi-Separable’ leads to solution pro-
cedures that are linear in the size of the matrix and quadratic in the size of the
approximation. A systematic method to obtain such low rank approximations was
proposed by Greengard and Rokhlin [10] and is known as the Fast Multipole
Method. These original approaches suffered from numerical problems as the use of
backward stable orthogonal transformations in this context was not yet well un-
derstood. The introduction of time-varying system theory to model the system of
equations [13] provided for the necessary structure to allow for more general types
of transformations than those used by the original authors cited. A survey of these
techniques can be found in the book [6]. Based on these ideas, the Semi-Separable
structure was extended to a more generic form called ‘Quasi-Separable’ and nu-
merically stable system solvers were developed for this structure by a number of
authors [8, 3, 7].

Although these developments lead to a satisfactory and useful theory, it was
also evident that they did not exploit the structural properties of most physical
systems sufficiently. Two examples may suffice to illustrate this point. In the case
of a partial differential equation in 3D space, discretization coordinates will have
three indices, say {i,j, k}, and interaction between values in close-by points may
be expected. To construct the interaction matrix, each discretization coordinate
has to be assigned a single index. In case of a regular grid of dimension N3, the
index assignment would run as i + Nj + N2k and the resulting matrix would
have a hierarchical structure consisting of a diagonal bands of blocks of dimension
N? each consisting of diagonal bands of blocks of dimension N, which in turn
consist of scalar diagonal bands. The Semi-Separable or Quasi-Separable theory
is insufficient to handle such types of matrices, it gets a good grip only on the
top level of the hierarchy, while the structure of the lower hierarchical levels is
greatly disturbed [5]. Also in the case of the multipole method and assuming the
distribution of ‘objects’ handled by the method in 3D space to be fairly general
(assuming of course that the multipole assumption holds as well), a similar problem
will arise: many submatrices will be of low rank, but they will have a ‘hierarchical
ordering’, restricting the applicability of the Semi-Separable method.

In the present paper we deal with an intermediate structure which has a nice
hierarchical (or equivalently multi-resolution) structure and is capable to cope
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with the problem mentioned in the previous paragraph. The structure was first
presented in [4], and a few solvers for it were presented [11]. In particular, [2] shows
how the structure can be reduced to a sparse, directly solvable system, using a state
space model of intermediate variables, much as was done for the Semi- or Quasi-
separable case. In contrast to the latter the state-space model turns out to have a
hierarchical (multi-resolution) structure, which can efficiently be exploited. These
straight solvers assume the original system to be square non-singular, allowing for
partial recursive elimination of unknowns and recursive back-substitutions as the
algorithm proceeds. In the present paper we propose a new, backward stable solver
that finds the Moore-Penrose solution for a general system of equations, namely
a system that is not assumed to be square, non-singular. Our goal is to obtain
the same order of numerical complexity as the straight solvers, but now for the
Moore-Penrose case.

2. HSS representations

The Hierarchical Semi-Separable representation of a matrix A is a layered repre-
sentation of the multi-resolution type, indexed by the hierarchical level. At the top
level 1, it is a 2 x 2 block matrix representation of the form:

A1 A
A — 3Ly 9Ly 2.1
{ Ao Azppo } (2.1)

in which we implicitly assume that the ranks of the off-diagonal blocks is low
so that they can be represented by an ‘economical’ factorization (‘H’ indicates
Hermitian transposition, for real matrices just transposition), as follows:

A— Dy U1;1B1;1,2V1];12
= " )
Ui2B12,1 Vi D1po

The second hierarchical level is based on a further but similar decomposition of
the diagonal blocks, respect. D11 and Dq.a:

(2.2)

Dyy = [ Doy o U2;132;1,2V21;é ]

’ U2;232;2,1V2;1 Ds.o ] ’ (2.3)
Dy = { Da3 Us;3Ba;s 4V | '

' U2;4Bz;4,3V2¥3 Doy

for which we have the further level compatibility assumption

s com([ 5 Nown([ 2 ]). @
span(Vi;1) C Span([ Vgl D easpan({ VS;Q D cte. .. (2.5)

This spanning property is characteristic for the HSS structure, it is a kind of
hierarchical ‘Lanczos’ property and allows a substantial improvement on the nu-
merical complexity as a multiplication with higher level structures always can be
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done using lower level multiplications, using so called ‘translation operators’

Uz.2i—1R2.2i—1 .
U o= ? ’ s = 1, 2’ 2.6
L [ Us2i Ro;2i } ! ( )
Vaoi—1Waii—1 .
Vie = ; ’ , =1,2. 2.7
L { Va.2iWa.oi ] ! ( )

Notice the use of indices: at a given level i rows respect. columns are subdivided
in blocks indexed by 1,...,i. Hence the ordered index (i; k, £) indicates a block at
level 4 in the position (k,£) in the original matrix. The same kind of subdivision
can be used for column vectors, row vectors and bases thereof (as are generally
represented in the matrices U and V).

In [2] it is shown how this multilevel structure leads to efficient matrix-vector
multiplication and a set of equations that can be solved efficiently as well. For the
sake of completeness we review this result briefly here. Let us assume that we want
to solve the system Ax = b and that A has an HSS representation with deepest
hierarchical level K. We begin by accounting for the matrix-vector multiplication
Azx. At the leave node (K;i) we can compute

H
9 = Vg Tk -
If (k;4) is not a leaf node, we can infer, using the hierarchical relations
H H H
Irii = Viahsi = Wik 1oi 1 9kr12i-1 + Wiki109k+1:2:-

These operations update a ‘hierarchical state’ gi,; upwards in the tree. To com-
pute the result of the multiplication, a new collection of state variables { fi.; is
introduced for which it holds that

biyi = Akii + Uk fri

and which can also be computed recursively downwards by the equations

frvt2i—1 | | Brt1:2i—1,269k+1;2i + RBr1;2i—1 frs
Fr+1;2 Brt1:26,2i-19k+1;2i—1 + RBrv1,26 frs |

the starting point being fo. = [], an empty matrix. At the leaf level we can now
compute (at least in principle - as we do not know ) the outputs from

bri = Dr.Tkri + Uk.ifri-
The next step is to represent the multiplication recursions in a compact form using
matrix notation and without indices. We fix the maximum order K as before. Next

we define diagonal matrices containing the numerical information, in breadth first
order:

D = diag[DK;i]i:Lm,K, W = diag[(Wm)i:LQ, (WZ;i)izl---éla e ], etc...
Next, we need two shift operators relevant for the present situation, much as
the shift operator Z in time-varying system theory [6]. The first one is the shift-

down operator Z| on a tree. It maps a node in the tree on its children and is a
nilpotent operator. The other one is the level exchange operator Z... At each level
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it exchanges children of the same node and is a permutation operator. Finally, we
need the leaf projection operator Pje,s which on a state vector which assembles in
breadth first order all the values fi.; produces the values of the leaf nodes (again in
breadth first order). The state equations representing the efficient multiplication
can now be written as

g = PH . VAx + Zf{WHg (2.8)
f = RZ f + BZ._g ’
while the ‘output’ equation is given by
b = Dx 4 UPjeqsf. (2.9)

This system of equations is sparse and can always be solved (even efficiently, that
is by visiting the given data once), because (I —WZ|) and (I —RZ)) are invertible
operators due to the fact that Z| is nilpotent. We obtain

A=D+UPruy(I —RZ))'B(I — Z['W") 1P, V)x = b. (2.10)

Various strategies can be used to solve this sparse system of equations, we refer
to the paper mentioned for more information. One elimination procedure that is
aesthetically attractive follows the hierarchical ordering of the data bottom up. In
a tree that is two levels down the elimination order would be:

(f2;1792;1, 332;1)7 (f2;2, 92;2, 332;2)7 (f2;3, 923, 502;3)7 (f2;4792;4, $2;4)a
(f1;1,911), (f1:2, 91:2), (foi1, 9os1)-

The computation must start at the leaf nodes, where multiplication with the base
vectors takes place, in higher up locations there is only multiplication with transfer
operators which relate the higher up bases to the bases at the leaf level. In the
paper cited it is shown that this procedure hierarchically eliminates unknowns
without producing any fill ins in the original sparse matrix describing the system.

The present paper aims at presenting a QR-type elimination procedure ca-
pable of deriving the Moore-Penrose inverse of a (presumably singular or ill condi-
tioned) problem. The additional difficulty here is that elimination of variables can-
not be done on the fly, because the Moore-Penrose solution can only be determined
after the whole structure has been visited. Therefore we will aim at constructing
the Moore-Penrose inverse rather than at solving the equations recursively as they
appear.

(2.11)

3. Preliminaries
We shall use a number of reduction theorems (in a well-specified order).

Vi
Va
with m > k, then an orthogonal transformation Q that reduces V to the form

QV = [ - ] (3.12)

Proposition 1. Let V = { } be a (tall) full rank matriz of size (k+m) x k
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with R square non-singular exists and can be chosen of the form

| wn — Ll
Q= wy I —woKwll (3.13)

in which w1 = VIR, wa = VoR™, K is a hermitian matriz that satisfies
I —wyKwl = (I — wowf)'/? (3.14)
and L a unitary matriz that satisfies
(I — Kwiwy) = w, L. (3.15)

Proof. The theorem claims the existence of K and L implicitly. If V; happens to be
invertible, then this is straightforward, the difficulty is when Vj is not invertible,
we use an implicit proof to cover the general case. R is defined as a square matrix
that satisfies

VEVI + VIV, = RYR (3.16)
and its non-singularity follows from the non-singularity assumption on V. Next let

wi = ViR and wy = VoR™!, then w = [ w1

w } is isometric, w{{ wy 18 contractive
2

and an eigenvalue decomposition
wlw, = vio?vl (3.17)

can be chosen such that the positive diagonal matrix o satisfies 0 < ¢ < I. Since
wy is square, a unitary uy will exist such that w; = ulavf (the proof goes as in
the proof of the SVD). Next, wi wy = I —wi w; and an eigenvalue decomposition
for it is
v (I —o®)oll. (3.18)
Since wsy is tall by assumption, there will exist us isometric such that
wy = up(I — o)V 20l (3.19)

It is now easy to verify directly that

uyovi! —uy (I — o) 2ull

2
ug(I — o) 2ol T —uy(I — o)ul! (3.20)

is a unitary matrix. Putting K = v(I+0) ' and L = vull produces the desired
form of Q). The converse check that any () with the given form is unitary is also
immediate by direct verification. O

The theorem shows that a unitary matrix close to identity (where ‘close’
means ‘the difference is a low rank matrix’) can be constructed that reduces a tall
matrix to a small triangular matrix. In Numerical Analysis one traditionally uses
‘Householder transformations’ for this purpose, the transformation presented here
has the advantage that its determinant can be controlled more easily.
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UvH
D
0, T is of dimension (k+m) x m, accordingly partitioned and of full column rank,
and k < m. Let N*N = VVH 4 DHD, in which N is a square matriz. Then N

is mon-singular, and there exists a unitary matriz Q@ such that

Proposition 2. Let T = in which U is a tall, isometric matriz of rank

0
TQ{N} (3.21)
Moreover, QQ can be chosen of the form
_ d1 UUTH
0=[ b, U] o0

in which ug has at most the same rank as U and dy is a rank § perturbation of the
unit matriz.

Proof. The non-singularity of N follows directly from the full column rank as-
sumption. The proof is then based on ‘joint’ SVD’s of UVH N~ and DN~! and
then completing the form. More precisely, let N~ TVUUHVEN=! = vo?vH be
an eigenvalue decomposition with unitary v and a positive diagonal matrix o of
dimension m x m. Let m, = [ I Op—p ] Then there will exist unitary matrices
uy1 and ug so that

UVEN-L T uympov?
DN! us (I — o)V 2l

(It is not hard to check that the right-hand side form is indeed isometric!) Let
moreover oy = 71'k0'7i'£l . A @ that satisfies the requirements of the theorem is now
easily constructed as

(3.23)

ui (I — o)t/ 2ull umpovt } (3.24)

Q= [ —ugomdull uy (I — o)/ 2"

As the rank of ¢ is at most equal to the rank of U and UVH N~! = yympovH there
exist v, such that uympov? = Uvfl. Finally, (I —0?)'/? = I — o4 for some positive
diagonal matrix o5 of rank at most 0 — as oy, itself has rank at most §. Hence d;
is at most a matrix of rank ¢ different from the unit matrix of dimension k. O

The exact form of the reduction matrices (the ‘Q’-matrices in the procedure)
is of importance for the complexity of the algorithms that will be derived next,
because they have to be propagated to other submatrices than the one they are
originally derived from. We shall measure computation complexity by tallying
how many times data items are visited. If an m x n matrix multiplies a vector
of dimension n with a direct algorithm, then the complexity by this measure is
exactly m * n, all data items in the matrix are visited once (the operation tally
is higher because each multiplication is followed by an addition except the last).
The complexity of the row absorption procedure of the previous theorem is dm?
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where § is the number of columns in the U or V matrix, because the result can be

H
obtained through a QR factorization on the matrix { VD ] .

4. HSS row absorption procedure

Our next goal is to derive a so-called ‘HSS row absorption’ matrix — one of the
main ingredients in the HSS Moore-Penrose reduction process. Starting point is
the form

H H
w1V, wWav,.
di  uf (4.25)
u[vf do

in which we assume the top entries to be ‘skinny’, i.e., of low rank compared to
the dimensions of the matrix (this assumption is not used explicitly but underlies
the usefulness of the procedure — as discussed above, the HSS compatibility has to
be preserved!). We introduce a somewhat simplified notation, whenever clear from
the context we drop the level indication. E.g., in the above matrix, the notation
U, and Uy, or Uy, would be equivalent. The goal of the procedure is to reduce
the matrix to a row independent HSS form using orthogonal transformations.
Important in the reduction procedure are the properties of the overall orthogonal
reducing matrix, namely which block entries in it have an HSS form and which
are ‘skinny’ — i.e., have low rank of the same order as the rank of the top entries
to be absorbed. The procedure uses the properties derived in the first section.

Step 1. Find orthogonal ¢ so that
a1 qi2 w2 r
= 4.26
[Qm @2]{%«} {0] (4.26)
with r square non-singular and g25 close to a unit matrix, and apply the transfor-
mation to the original after embedding:

wivg’ wavl! quwivf + qiady  rof
{ K I } d uvf | = | quwiv +qoadi 0 ) (4.27)
uwf da upvl ds
Let
dy = guiwivf’ + gaady (4.28)

the product of a lower level form (dy) with a ‘skinny’ perturbation of the unit
matrix (ga2) followed by a ‘skinny’ additive perturbation (go1wivil). The new
look of the matrix is, after an exchange of block-rows
dy 0
quuwivg’ + quady ol (4.29)
uwf do
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in which the product ¢2d; is ‘skinny’, but increases the rank of that term beyond
the rank of vy — as can be expected.

Step 2. We now work on the right part of the matrix. Let p be an orthogonal
matrix that reduces

{ 7’;’5 } . (4.30)

Since dp is square (this assumption is not really necessary!) the result will have

the form
0
Al wan

This procedure amounts to a lower level HSS row absorption problem (p cannot
be claimed to be ‘skinnily’ away from a unit, it will have whatever structure it
inherits from the lower level operation, which is isomorphic to what is happening
at this level). Applying p to the left column will produce

H T
p{ Q11w1zivz{- q12d1 ] _ [ UZU;ZT ] . (4.32)
The matrix has now been brought to the form
d) 0
oT 0 |. (4.33)

upl d
Now, if the original matrix is non-singular (has full column rank), then d) will

have full row rank (also by construction) and a further, lower level absorption is
needed (using a new transformation matrix s) on

d/
] (434)
to yield the end result in the form
dy 0
0 0 1, (4.35)

s

in which both df and d} have full row rank (and in case the original matrix was
non-singular, also full column rank and hence will be square). It can be remarked
that however one looks at it, the full matrix has to be involved in the procedure,
but all operations are either elementary or absorptions at a lower level or involve
a very skinny transformation at the higher level (the ¢ matrix).

Collecting the transformations we find for the overall @ (the fat entries are
full, lower level matrices, go2 is skinnily away from unitary and the non-fat entries
are skinny):

S11 S12 I q21 Q22
Q= s21 s22 P11 P12 q11 Q12 . (4.36)
I P21 P22 I
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Working out (should not be done in practice) produces:

S11G21 + S12P11G11  S11d22 + S12P11G12  S12P12
Q = | S21q21 + S22P11G12  S21Q22 + S22P11G22  S22P12 | - (4.37)
P21911 P21q12 P22
The most critical term is the 1,2 where the product of two full matrices occurs:
S11922. But qs2 is only ‘skinnily’ away from a unit matrix, hence this product also
has a ‘skinny’ algorithm. The final form for the matrix @) produces:

Qu Q2 Qi3 wivfh wovf dl 0
Qa1 Q22 Qo3 di ull = 0 0 (4.38)
Qs @32 Qss uvy’ dy upt dl

in which the not-boldface entries of @ have low rank (skinny products), the bold-
face ones are of HSS form, and both df and df have full column rank, and df, dj
have full row rank.

Complexity calculation

As the absorption procedure turns out to be the main workhorse in the reduction
procedure, we proceed to its complexity tally. Let us assume that the vectors to be
absorbed are of dimension 1, while the off-blocks in the lower HSS representation
are of (effective) rank d2 > d1. Let M(n, ) indicate the computational complexity
of multiplying an HSS matrix of dimension n with a block of 6 vectors, and C(n, §)
the complexity of the absorption procedure of a vector block of dimension § by
a dimension n HSS matrix. The complexity of the HSS absorption procedure can
now be tallied. An important observation is that the computation of qnwlvf in
this step can be postponed until the bottom level of the procedure is obtained.
Let us assume that this bottom level is characterized by matrices of dimensions
Nyt X Nt then the complexity count would be as follows:

Step 1: 01 Ny, + 2M(5, 01);
Step 2: C(1,01) + M(2,28) = C(%,81) + 2M(%, 61);
Step 3: C(3,201) = 2C(3,61).

Hence the total tally is

51Nbot+4M(Za51)+3c(2751)~ (4.39)

We see that the complexity is not directly dependent on the top level dimension n,
and just linearly on the lower level dimensions, where presumably similar compu-
tations will take place, to be shown in the next section. It is of course dependent
on the local rank (§;) but also in a linear fashion. Another important point is
in what state the matrix is left behind after the reduction procedure, more pre-
cisely whether the HSS relations with the other submatrices in the original are
still valid. This point will be taken up in the next section where we consider the
overall procedure.

The dual of the absorption will be needed as well in the sequel. At this point
there is no substantial difference between the two procedures, one works on the
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rows, the other on the columns of the HSS matrix, producing a low complexity
calculation that preserves the HSS structure.

5. An HSS Moore-Penrose reduction method

For ease of discussion, we assume that the system is a ‘flat’ system of full row
rank, and furthermore given in the traditional HSS form. In case the assumption
does not hold then the later steps in the algorithm will have to be modified, but
this would not entail major difficulties. We start out with a matrix in HSS form,
i.e., it is of the form

[ D ] o

UVH D,

in which the low rank matrices U,, V,,Us, V; are HSS compatible, i.e., can be
generated from the lower HSS levels, as explained in the introduction. To keep low
complexity calculations it will be imperative to preserve the HSS compatibility
structure whenever appropriate. The first step is the replacement of the original
HSS problem (MPHSS) by an equivalent modified set of equations as follows:

D, UJVH ] N [ D, - DV,VHE DV, UVE ]

UVH Dy 0 Uy Do (5-41)

Here we assume that V; is a ‘skinny’ orthonormal set of columns and that D; and
Dy possibly again have HSS forms of lower hierarchical level. Before discussing
the merits of this step, and then the further steps to be executed, we verify the
algebraic correctness of this first step. Let V;/ be an orthogonal complementary set
of columns of V;, then postmultiplying the original system with an appropriately
dimensioned orthogonal matrix embedding [V} V;] produces the equivalent system
(the second member has to be adapted in an obvious way, we skip this step):

D, UVH Vi v DV/ DV, UVH
H = (5.42)

UV D, I 0 Uy D,
(Dy — D1V, VYV = DV, (5.43)

The 1,1 block entry D1V, may now be replaced by D1 (I — V,V,1) (increasing the
size of the matrix) because the MP solutions of the two systems are closely related:
!/
if [ ’7;1 ] solves the latter, then [ Véyl } will solve the former, due to the fact
2 2
that V;Z’TV}Z’ = I. The increase in size will be removed in later ‘absorption’ steps.
In this step, Dy gets modified by a matrix that is only ‘skinnily’ away from the
unit matrix.
Before proceeding, we study the effects (I — VngH ) has on Dy and whether
HSS compatibility is preserved in this step. Hence, we assume that D; has in turn
a lower level HSS form. To avoid a surfeit of indices, we replace V; by V and
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express the lower level HSS form again with the same notation as before:

D, UVH
Dy — [ UVH Dy ] . (5.44)
Furthermore, because of the HSS relations, we have
||| VW
v B ][ 49
(which could also be expressed as
Ve W,
v e ] a0

in which the W’s are assumed tall matrices, and the ® indicates pointwise multi-
plication of block entries — assuming matching dimensions of course). We find as
result for this operation

D1 = (DiVi + UV UV — (DI + U VIV
UVHE — (U VAV, + DoVo)VIE Dy — (UVEVL + DoVa)VHE |- :

We see that the ranks of the off-diagonal terms have not increased, but the col-
umn basis has changed, and it may be useful to keep the original column vectors
although they may not amount to a basis (they are able to generate the column
vectors though). Taking this conservative approach we may write the result so far
as

D} [Upn U JWHYH }
ner 5.48
{ [Uen WV D, (548)
in which
U'r‘n = Dl Vl
Dll = D - (Urn + UTVTHV2)V1H
" -
Wrn = |: I — ‘/,,‘H‘/QW,,,H (5 49)
Dy = Dy— (U +UVAV)VH '
U = DoVs
—WH
H _ l

all quantities that can now be computed at the lowest level, and are either ‘skinny’
or ‘skinny’ updates.
Going back to the original procedure, the same strategy can now be applied
to the rightmost block in eq. 5.42, this produces:
Ul;r‘GI;{T-,3 Ul,rvll;{»,zx
D2;3 UQ;TVQIZ»
U: z;evﬂ Doy

H / H H
U1§7‘V1;r,3‘/2;£ U1§7”V1;r,3‘/2§[ Ul;T“/l;rA

= DQ;S(I - ‘/2;15‘/2[;{[)‘/2/;[ D2?3‘/2;Z UQ;T‘/Q{{‘
0 UQ;Z D2§4

V;;E ‘/245 0
0 0 I

(5.50)
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Again, VQ’J can be taken out to the second member. Notice also that the size of
the system has increased slightly — this is a convenience which keeps the entries in
the main block diagonal square, an alternative strategy will be briefly discussed
later. We have now reached the ‘bottom’ as far as this latter part of the matrix is
concerned. We can now start eliminating the newly created spurious entries which
are all ‘skinny’ and share column bases. At the bottom we find

[ Uss Uy Doy |. (5.51)

This can now be reduced by a direct column absorption procedure, dual of the
procedure presented in theorem 2. Since we have assumed row-independence, the
theorem is directly applicable. This step will reduce the matrix to the form

[0 Db, ] (5.52)

in which Dj , has become square non-singular, and the row basis of the submatrix
on top have been modified (without modification of the column basis), and this
by ‘skinny’ calculations. Notice that only submatrices belonging to low-rank off-
diagonal blocks are affected by this step, in hierarchical order, as no central matrix
resides on top. The adjustment computation can also be restricted to the lowest
level in the hierarchy as all the higher levels will follow suit. Since this is an
important ingredient in preserving low computational complexity, we make this
step more explicit. The full submatrix to be reduced has the following form:

D1V, Ul;rvlg-,:} Ul;rvll;{»,?)V?;f UI;TV1€{-,4
Ues  Dag(I — VauViy) Do3Voy Upr Vit | - (5.53)
Uga 0 Uy Doy

The bottom block rows in this expression have the necessary HSS compatibility
relationship to allow for HSS column absorption. DV} involves new data resulting
from eliminating the bottom block. The computation of this term is unavoidable
as this is the only place in the matrix where the data survives, but it has already
been executed as part of the procedure to computer Dy fDﬂ/}gVZH described earlier
in this section. The entries in the first block-column all have the same reduced row
vector [Is,]. The same is true one level down (where a similar procedure has been
performed), D3y.3Va.p is what remains from that elimination procedure. The overall
row basis matrix that will be affected by the present HSS column absorption
procedure has now the form
Is,
Is, (5.54)
v

where it may be remarked that the columns on top of the zero entries will be
unaffected by the absorption procedure. The procedure scrambles this vector to
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produce a new row basis, and after reordering of columns produces the right sub-
matrix

Uro Vit o [D1Ve Urp Vi Vol Vel U VI
D2;3<I - ‘/27[‘/21’:2) [U[S DZ;S‘/Z;Z]‘/;;TH,A,‘L UZ;erQI;TI_-Iﬁ . (555)
0 0 Db,

It should be clear that the HSS relations still hold (although the rank has neces-
sarily doubled) both for the row bases and for the column bases. This procedure
can now be repeated one step further (concerning the rows of hierarchical index
2;3), involving an absorption of [Uss Dg;g‘/'gﬂg]vz’f:{4 into Da.3(I — Vg;giZ), a pro-
cedure that is again of the HSS absorption type and can be executed at an even
lower level (level 3). The result so far yields the following general form (redefining
entries and dropping primes for better visualization)

H H H H
Da;y Uzir1Vigo UtriVons UnraViga UnraVigs
H H H H
U2§Z72V2;£,1 D2§2 U1§7"2Vr2;r,3 U1;7‘,2V1;7‘,4 U1;7‘,2V1;7‘,5
H
0 0 0 Dsy UQ;T’3V2;T75
0 0 0 0 Dy

in which all HSS relations hold for as far as applicable. To proceed to the levels
with indices 2;1 and 2;2, we must revert to the 1;1 matrix computed earlier (which
was the original D1(I — V;V,; /'), and which, as we have shown, still has the HSS
form, as shown schematically in the previous equation). This matrix must now
undergo the same second level treatment as was done on the original Dy block,
with similar result. The procedure entails the HSS absorption of the third block
column in the previous equation into the first two blocks, As this procedure does
not affect the fourth and fifth block column, the end result will have the form
(again dropping primes)

H H H
D2§1 U2§T’1Vv2;r,2 0 Ul;T,lvl;rA U1;7‘,1V1;r,5

(5.56)

0 Do, 0 UproViE, Upp2Vi

2;2 Lir2Vir4 1;r,2 1;75 (5.57)
0 0 0 Doy Usir3Vill 5
0 0 0 0 Dy;5

where, again, HSS relations have been preserved wherever applicable. If the original
system was indeed row independent, then the diagonals blocks in this expression
will be square invertible, and a QR factorization of the original system of equations
has been achieved, which can simply be solved by an HSS-type back substitution
that can be efficiently executed (i.e., by visiting all algebraically relevant data
only once, using the HSS relationships). In case the original matrix is not row
independent, then a further row reduction can be done on the matrix obtained so
far, using a simplified form of the algorithm derived so far.

The dual form of the method presented so far merits some attention. Suppose
that our original system is not row- but column independent (i.e., it is a tall
system). Is a reduction procedure as used in the previous algorithm that preserves
the Moore-Penrose property possible? We show that this is indeed the case.
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Proposition 3. Let
D, UVH
U VH Dy
be given as the top-level of a column independent HSS representation in which the
matrices D;,i = 1,2 are HSS compatible, and in which U, is isometric. Then an
equivalent Moore-Penrose system is given by

(I-U0,U8)D, 0
UHD, v | (5.59)

U VH D,

(5.58)

Proof. The proof follows from the following two observations:
1. Let U], be an isometric matrix whose columns span the orthogonal comple-
ment of the (column) range of U,,. Then
UHD, =UH (1 -U, UMDy (5.60)

2. if VH is an isometric matrix then the system V¥ Az = b is equivalent to the
system Ay = Vb in the sense that if y solves the Moore-Penrose problem of
the latter, then x=y is the Moore-Penrose solution of the former.

The required transformation now follows from the identity

U " UMD, 0
vl Ul?}H U%Vu =| UED, VH |. (5.61)
I e 2 UV Dy

An application of the properties mentioned above allows one to eliminate U/H so
that the modification of the entries only involves the product U Dy, which can
efficiently be relegated to the lower hierarchical level. ([l

Notice that just as before the HSS relations remain in place. We can summa-
rize the procedures in the following conceptual theorem. In the formulation ‘URV-
type’ means: using orthogonal transformation on the rows (for the U-factor) and
the columns (for the V factor).

Theorem 1. A matriz represented in HSS form can be constructively reduced to
a non-singular block upper matriz in HSS form using efficient, HSS compatible
transformations of the URV type.

6. Discussion and conclusions

A number of observations seem relevant:

1. the HSS form of an invertible matrix is stable under inversion, it is not too
hard to prove that the inverse of such a matrix has an HSS representation
of the same complexity as the original. However, an efficient algorithm to
compute it has not been presented yet to our knowledge. The present paper
goes some way towards this end, it shows at least that the URV form can be
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computed efficiently. The result even extends to non-invertible matrices and
their Moore-Penrose inverse;

. the theoretical results presented in this paper have not been tested numeri-

cally. This will be done in the near future;

. as mentioned in the introduction, the HSS form is not as generally available

as one would wish. 1D and 2D scattering problems can be brought into the
form through the use of multipole theory. For 3D problems, the reduction is
far from evident. Here also we are still lacking a good reduction theory. The
same can be said about finite element systems: for 1D and 2D cases there is
a forthcoming reduction possible as is indicated in the thesis of T. Pals [11];

. another interesting but as yet unsolved problem is the determination of (close

to optimal) preconditioners in HSS form; rank reductions in the HSS form
would amount to multi-resolution approximations;

. the representation for HSS forms discussed in the introduction amounts to

a ‘system theory on a tree’ much as is the case for the multi-resolution the-
ory of Alpay and Volok [1]. However, the representations are fundamentally
different: in our case the system theory represents computational states, i.e.,
intermediate data as they are stored in a hierarchical computation, while in
the Alpay-Volok case, the states parallel the multi-resolution, a higher up
state consists of a summary or average of lower lying states. Although the
states have therefore very different semantics, from a system theoretical point
of view they are states indexed by a tree and hence operators acting on these
states will have similar effects. In particular, the shift operator and its adjoint
as well as the level exchange operator presented in the introductory section
have the same meaning in both theories (the definition of these operators
differ somewhat due to different normalizations). A major difference, how-
ever, is that in our case the state space structure is not uniform, while in
the Alpay-Volok it is, so that the system in their case can be advantageously
reduced to a sequentially semi-separable form.
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Methods from Multiscale Theory and Wavelets
Applied to Nonlinear Dynamics

Dorin Ervin Dutkay and Palle E.T. Jorgensen

Abstract. We show how fundamental ideas from signal processing, multiscale
theory and wavelets may be applied to nonlinear dynamics.

The problems from dynamics include iterated function systems (IFS),
dynamical systems based on substitution such as the discrete systems built
on rational functions of one complex variable and the corresponding Julia
sets, and state spaces of subshifts in symbolic dynamics. Our paper serves to
motivate and survey our recent results in this general area. Hence we leave
out some proofs, but instead add a number of intuitive ideas which we hope
will make the subject more accessible to researchers in operator theory and
systems theory.

Mathematics Subject Classification (2000). 42C40, 42A16, 43A65, 42A65.

Keywords. Nonlinear dynamics, martingale, Hilbert space, wavelet.

1. Introduction

In the past twenty years there has been a great amount of interest in the theory of
wavelets, motivated by applications to various fields such as signal processing, data
compression, tomography, and subdivision algorithms for graphics. (Our latest
check on the word “wavelet” in Google turned up over one million and a half
results, 1,590,000 to be exact.) It is enough here to mention two outstanding
successes of the theory: JPEG 2000, the new standard in image compression, and
the WSQ (wavelet scalar quantization) method which is used now by the FBI
to store its fingerprint database. As a mathematical subject, wavelet theory has
found points of interaction with functional and harmonic analysis, operator theory,
ergodic theory and probability, numerical analysis and differential equations. With
the explosion of information due to the expansion of the internet, there came a
need for faster algorithms and better compression rates. These have motivated the
research for new examples of wavelets and new wavelet theories.

Research supported in part by the National Science Foundation.
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Recent developments in wavelet analysis have brought together ideas from
engineering, from computational mathematics, as well as fundamentals from rep-
resentation theory. This paper has two aims: One to stress the interconnections,
as opposed to one aspect of this in isolation; and secondly to show that the funda-
mental Hilbert space ideas from the linear theory in fact adapt to a quite wide class
of nonlinear problems. This class includes random-walk models based on martin-
gales. As we show, the theory is flexible enough to allow the adaptation of pyramid
algorithms to computations in the dynamics of substitution theory as it is used
in discrete dynamics; e.g., the complex dynamics of Julia sets, and of substitution
dynamics.

Our subject draws on ideas from a variety of directions. Of these direc-
tions, we single out quadrature-mirror filters from signal/image processing. High-
pass/low-pass signal processing algorithms have now been adopted by pure mathe-
maticians, although they historically first were intended for speech signals, see [55].
Perhaps unexpectedly, essentially the same quadrature relations were rediscovered
in operator-algebra theory, and they are now used in relatively painless construc-
tions of varieties of wavelet bases. The connection to signal processing is rarely
stressed in the math literature. Yet, the flow of ideas between signal processing
and wavelet math is a success story that deserves to be told. Thus, mathematicians
have borrowed from engineers; and the engineers may be happy to know that what
they do is used in mathematics.

Our presentation serves simultaneously to motivate and to survey a number
of recent results in this general area. Hence we leave out some proofs, but instead
we add a number of intuitive ideas which we hope will make the subject more
accessible to researchers in operator theory and systems theory. Our theorems
with full proofs will appear elsewhere. An independent aim of our paper is to
point out several new and open problems in nonlinear dynamics which could likely
be attacked with the general multiscale methods that are the focus of our paper.

The first section presents background material from signal processing and
from wavelets in a form which we hope will be accessible to operator theorists, and
to researchers in systems theory. This is followed by a presentation of some moti-
vating examples from nonlinear dynamics. They are presented such as to allow the
construction of appropriate Hilbert spaces which encode the multiscale structure.
Starting with a state space X from dynamics, our main tool in the construction
of a multiscale Hilbert space H(X) is the theory of random walk and martingales.
The main section of our paper serves to present our recent new and joint results.

2. Connection to signal processing and wavelets

We will use the term “filter” in the sense of signal processing. In the simplest
case, time is discrete, and a signal is just a numerical sequence. We may be acting
on a space of signals (sequences) using the operation of Cauchy product; and the
operations of down-sampling and up-sampling. This viewpoint is standard in the
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engineering literature, and is reviewed in [19] (see also [10] and [63]) for the benefit
of mathematicians.

A numerical sequence (ag) represents a filter, but it is convenient, at the
same time, also to work with the frequency-response function. By this we mean
simply the Fourier series (see (3.3) below) corresponding to the sequence (ay).
This Fourier series is called the filter function, and in one variable we view it
as a function on the one-torus. (This is using the usual identification of periodic
functions on the line with functions on the torus.) The advantage of this dual
approach is that Cauchy product of sequences then becomes pointwise product of
functions.

We will have occasion to also work with several dimensions d, and then our
filter function represents a function on the d-torus. While signal processing algo-
rithms are old, their use in wavelets is of more recent vintage. From the theory of
wavelets, we learn that filters are used in the first step of a wavelet construction,
the so-called multiresolution approach. In this approach, the problem is to con-
struct a function on R or on R? which satisfies a certain renormalization identity,
called the scaling equation, and we recall this equation in two versions (2.2) and
(3.2) below. The numbers (ay) entering into the scaling equation turn out to be the
very same numbers the signal processing engineers discovered as quadrature-mirror
filters.

A class of wavelet bases are determined by filter functions. We establish a
duality structure for the category of filter functions and classes of representations
of a certain C*-algebra. In the process, we find new representations, and we prove
a correspondence which serves as a computational device. Computations are done
in the sequence space £2, while wavelet functions are in the Hilbert space L?(R),
or some other space of functions on a continuum. The trick is that we choose
a subspace of L2?(R) in which computations are done. The choice of subspace
is dictated by practical issues such as resolution in an image, or refinement of
frequency bands.

We consider non-abelian algebras containing canonical maximal abelian sub-
algebras, i.e., C(X) where X is the Gelfand space, and the representations define
measures 1 on X. Moreover, in the examples we study, it turns out that X is an
affine iterated function system (IFS), of course depending on the representation.
In the standard wavelet case, X may be taken to be the unit interval. Following
Wickerhauser et al. [30], these measures p are used in the characterization and
analysis of wavelet packets.

Orthogonal wavelets, or wavelet frames, for L2 (Rd) are associated with
quadrature-mirror filters (QMF), a set of complex numbers which relate the dyadic
scaling of functions on R? to the Z?-translates. In the paper [53], we show that
generically, the data in the QMF-systems of wavelets are minimal, in the sense
that it cannot be nontrivially reduced. The minimality property is given a geo-
metric formulation in ¢2 (Zd); and it is then shown that minimality corresponds
to irreducibility of a wavelet representation of the Cuntz algebra Opy. Our result is
that this family of representations of On on £2 (Zd) is irreducible for a generic set
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of values of the parameters which label the wavelet representations. Since MRA-
wavelets correspond to representations of the Cuntz algebras Oy, we then get, as
a bonus, results about these representations.

Definition 2.1. (Ruelle’s operators.) Let (X, 1) be a finite Borel measure space, and
let 7: X — X be a finite-to-one mapping of X onto itself. (The measure p will be
introduced in Section 4 below, and it will be designed so as to have a certain strong
invariance property which generalizes the familiar property of Haar measure in the
context of compact groups.) Let V: X — [0,00) be a given measurable function.
We then define an associated operator R = Ry, depending on both V and the
endomorphism 7, by the following formula

Ref@ =, Loy X VOIS, FelEa. @
r(y)==

Each of the operators Ry will be referred to as a Ruelle operator, or a transition
operator; and each Ry clearly maps positive functions to positive functions. (When
we say “positive” we do not mean “strictly positive”, but merely “non-negative”.)

We refer to our published papers/monographs [54, 40, 45] about the spectral
picture of a positive transition operator R (also called the Ruelle operator, or the
Perron-Frobenius-Ruelle operator). Continuing [18], it is shown in [54] that a gen-
eral family of Hilbert-space constructions, which includes the context of wavelets,
may be understood from the so-called Perron—Frobenius eigenspace of R. This
eigenspace is studied further in the book [19] by Jorgensen and O. Bratteli; see
also [55]. It is shown in [54] that a scaling identity (alias refinement equation)

o () =VN> arp(Nz—k) (2.2)

keZ

may be viewed generally and abstractly. Variations of (2.2) open up for a variety
of new applications which we outline briefly below.

3. Motivating examples, nonlinearity

In this paper we outline how basic operator-theoretic notions from wavelet theory
(such as the successful multiresolution construction) may be adapted to certain
state spaces in nonlinear dynamics. We will survey and extend our recent papers
on multiresolution analysis of state spaces in symbolic shift dynamics X (A), and
on a class of substitution systems X (r) which includes the Julia sets; see, e.g., our
papers [42, 43, 44, 45]. Our analysis of these systems X starts with consideration
of Hilbert spaces of functions on X. But already this point demands new tools.
So the first step in our work amounts to building the right Hilbert spaces. That
part relies on tools from both operator algebras, and from probability theory (e.g.,
path-space measures and martingales).
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First we must identify the appropriate measures on X, and secondly, we
must build Hilbert spaces on associated extension systems X, called generalized
solenoids.

The appropriate measures p on X will be constructed using David Ruelle’s
thermodynamical formalism [71]: We will select our distinguished measures p on
X to have minimal free energy relative to a certain function W on X. The rela-
tionship between the measures p on X and a class of induced measures on the
extensions X, is based on a random-walk model which we developed in [44], such
that the relevant measures on X, are constructed as path-space measures on paths
which originate on X. The transition on paths is governed in turn by a given and
prescribed function W on X.

In the special case of traditional wavelets, W is the absolute square of a so-
called low-pass wavelet filter. In these special cases, the wavelet-filter functions
represent a certain system of functions on the circle T = R/Z which we outline
below; see also our paper [45]. Even our analysis in [45] includes wavelet bases
on affine Cantor sets in R?. Specializing our Julia-set cases X = X(r) to the
standard wavelet systems, we get X = T, and the familiar approach to wavelet
systems becomes a special case.

According to its original definition, a wavelet is a function ¢ € L?*(R) that
generates an orthonormal basis under the action of two unitary operators: the
dilation and the translation. In particular,

{UITky | §, k€ Z)}

must be an orthonormal basis for L?(R), where

Uf@ = o0 (3). TI@=j@=1. fel®ack ()

One of the effective ways of getting concrete wavelets is to first look for
a multiresolution analysis (MRA), that is to first identify a suitable telescoping
nest of subspaces (V,)nez of L?(R) that have trivial intersection and dense union,
Vi = UV,—1, and Vy contains a scaling function ¢ such that the translates of ¢
form an orthonormal basis for V.

The scaling function will necessarily satisfy an equation of the form

Up = Zakago, (3.2)
kEZ

called the scaling equation (see also (2.2)).
To construct wavelets, one has to choose a low-pass filter

mo(z) = Zakzk (3.3)

kEZ
and from this obtain the scaling function ¢ as the fixed point of a certain cascade
operator. The wavelet ¢ (mother function) is constructed from ¢ (a father function,
or scaling function) with the aid of two closed subspaces Vy, and Wy. The scaling
function ¢ is obtained as the solution to a scaling equation (3.2), and its integral
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translates generates V, (the initial resolution), and ¢ with its integral translates
generating Wy := V1 &V, where V) is the next finer resolution subspace containing
the initial resolution space 1y, and obtained from a one-step refinement of V.

Thus the main part of the construction involves a clever choice for the low-
pass filter mg that gives rise to nice orthogonal wavelets.

MRASs in geometry and operator theory

Let X be a compact Hausdorff space, and let : X — X be a finite-to-one contin-
uous endomorphism, mapping X onto itself. As an example, r = r(z) could be a
rational mapping of the Riemann sphere, and X could be the corresponding Julia
set; or X could be the state space of a subshift associated to a 0-1 matrix.

Due to work of Brolin [25] and Ruelle [72], it is known that for these examples,
X carries a unique maximal entropy, or minimal free-energy measure y also called
strongly r-invariant; see Lemma 4.3 (ii), and equations (4.20) and (4.27)—(4.28)
below. For each point x € X, the measure p distributes the “mass” equally on the
finite number of solutions y to r(y) = x.

We show that this structure in fact admits a rich family of wavelet bases. Now
this will be on a Hilbert space which corresponds to L?(R) in the familiar case of
multiresolution wavelets. These are the wavelets corresponding to scaling x to Nz,
by a fixed integer N, N > 2. In that case, X = T, the circle in C, and r(z) = 2.
So even in the “classical” case, there is a “unitary dilation” from L?(X) to L*(R)
in which the Haar measure on T “turns into” the Lebesgue measure on R.

Our work so far, on examples, shows that this viewpoint holds promise for
understanding the harmonic analysis of Julia sets, and of other iteration systems.
In these cases, the analogue of L?(R) involves quasi-invariant measures fio, on a
space X oo, built from X in a way that follows closely the analogue of passing from
T to R in wavelet theory. But s is now a path-space measure. The translations
by the integers Z on L?(R) are multiplications in the Fourier dual. For the Julia
examples, this corresponds to the coordinate multiplication, i.e., multiplication
by z on L?(X, i), a normal operator. We get a corresponding covariant system
on X, where multiplication by f(z) is unitarily equivalent to multiplication by
f(r(2)). But this is now on the Hilbert space L?(X+,), and defined from the path-
space measure .. Hence all the issues that are addressed since the mid-1980’s
for L?(R)-wavelets have analogues in the wider context, and they appear to reveal
interesting spectral theory for Julia sets.

3.1. Spectrum and geometry: wavelets, tight frames, and
Hilbert spaces on Julia sets

3.1.1. Background. Problems in dynamics are in general irregular and chaotic,
lacking the internal structure and homogeneity which is typically related to group
actions. Lacking are the structures that lie at the root of harmonic analysis, i.e.,
the torus or R%.

Chaotic attractors can be viewed simply as sets, and they are often lacking
the structure of manifolds, or groups, or even homogeneous manifolds. Therefore,
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the “natural” generalization, and question to ask, then depends on the point of
view, or on the application at hand.

Hence, many applied problems are typically not confined to groups; examples
are turbulence, iterative dynamical systems, and irregular sampling. But there are
many more. Yet harmonic analysis and more traditional MRA theory begins with
R?, or with some such group context.

The geometries arising in wider contexts of applied mathematics might be
attractors in discrete dynamics, in substitution tiling problems, or in complex
substitution schemes, of which the Julia sets are the simplest. These geometries
are not tied to groups at all. And yet they are very algorithmic, and they invite
spectral-theoretic computations.

Julia sets are prototypical examples of chaotic attractors for iterative discrete
dynamical systems; i.e., for iterated substitution of a fixed rational function r(z),
for z in the Riemann sphere. So the Julia sets serve beautifully as a testing ground
for discrete algorithms, and for analysis on attractors. In our papers [44], [42] we
show that multiscale/MRA analysis adapts itself well to discrete iterative systems,
such as Julia sets, and state space for subshifts in symbolic dynamics. But so far
there is very little computational harmonic analysis outside the more traditional
context of R?.

Definition 3.1. Let S be the Riemann sphere, and let 7: S — S be a rational map
of degree greater than one. Let r™ be the nth iteration of r, i.e., the nth iterated
substitution of r into itself. The Fatou set F(r) of r is the largest open set U in
S such that the sequence r", restricted to U, is a normal family (in the sense of
Montel). The Julia set X (r) is the complement of F'(r).

Moreover, X (r) is known to behave (roughly) like an attractor for the discrete
dynamical system ™. But it is more complicated: the Julia set X (r) is the locus
of expanding and chaotic behavior; e.g., X (r) is equal to the closure of the set of
repelling periodic points for the dynamical system 7™ in S.

In addition, X = X (r) is the minimal closed set X, such that |X| > 2, and
X is invariant under the branches of r—!, the inverses of r.

While our prior research on Julia sets is only in the initial stages, there is
already some progress. We are especially pleased that Hilbert spaces of martingales
have offered the essential framework for analysis on Julia sets. The reason is that
martingale tools are more adapted to irregular structures than are classical Fourier
methods.

To initiate a harmonic analysis outside the classical context of the tori and
of R?, it is thus natural to begin with the Julia sets. Furthermore, the Julia sets
are already of active current research interest in geometry and dynamical systems.

But so far, there are only sporadic attempts at a harmonic analysis for Julia
sets, let alone the more general geometries outside the classical context of groups.
Our prior work should prepare us well for this new project. Now, for Julia-set
geometries, we must begin with the Hilbert space. And even that demands new
ideas and new tools.
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To accommodate wavelet solutions in the wider context, we built new Hilbert
spaces with the use of tools from martingale theory. This is tailored to applications
we have in mind in geometry and dynamical systems involving Julia sets, fractals,
subshifts, or even more general discrete dynamical systems.

The construction of solutions requires a combination of tools that are some-
what non-traditional in the subject.

A number of wavelet constructions in pure and applied mathematics have a
common operator-theoretic underpinning. It may be illustrated with the following
operator system: H some Hilbert space; U: ‘H — H a unitary operator; V: T —
U (H) a unitary representation. Here T is the 1-torus, T = R/Z, and U (H) is the
group of unitary operators in H.

The operator system satisfies the identity

V() 'UV(2)=2U, zeT. (3.4)

Definition 3.2. We say that U is homogeneous of degree one with respect to the
scaling automorphisms defined by {V (z) | z € T} if (3.4) holds. In addition, U
must have the spectral type defined by Haar measure. We say that U is homoge-
neous of degree one if it satisfies (3.4) for some representation V'(z) of T.

In the case of the standard wavelets with scale N, H = L? (R), where in
this case the two operators U and T are the usual N-adic scaling and integral
translation operators; see (3.1) above giving U for the case N = 2.

If Vy C H is a resolution subspace, then Vo C U™V, Set Wy := U~ Vy 8V,
Qo := the projection onto Wy, Qr = U *QoUF, k € Z, and

Vi(z) = i Q. z€T. (3.5)

k=—o0

Then it is easy to check that the pair (U,V (z)) satisfies the commutation iden-
tity (3.4).
Let (v;);c; be a Parseval frame in Wy. Then

{U"Tw |iel, k,nel} (3.6)

is a Parseval frame for H. (Recall, a Parseval frame is also called a normalized
tight frame.)

Turning the picture around, we may start with a system (U, V' (z)) which sat-
isfies (3.4), and then reconstruct wavelet (or frame) bases in the form (3.6). To do
this in the abstract, we must first understand the multiplicity function calculated
for { T, | n € Z} when restricted to the two subspaces Vy and Wy. But such a mul-
tiplicity function may be be defined for any representation of an abelian C*-algebra
acting on H which commutes with some abstract scaling automorphism (V (z)).

This technique can be used for the Hilbert spaces associated to Julia sets, to
construct wavelet (and frame) bases in this context.
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3.1.2. Wavelet filters in nonlinear models. These systems are studied both in the
theory of symbolic dynamics, and in C*-algebra theory, i.e., for the Cuntz—Krieger
algebras.

It is known [25, 71] that, for these examples, X carries a unique maximal
entropy, or minimal free-energy measure pu. The most general case when (X,7)
admits a strongly r-invariant measure is not well understood.

The intuitive property of such measures p is this: For each point x in X, u
distributes the “mass” equally on the finite number of solutions y to r(y) = x. Then
14 is obtained by an iteration of this procedure, i.e., by considering successively the
finite sets of solutions y to r"(y) = x, for all n = 1,2,...; taking an average, and
then limit. While the procedure seems natural enough, the structure of the convex
set K(X,r) of all the r-invariant measures is worthy of further study. For the case
when X = T the circle, i is unique, and it is the Haar measure on T.

The invariant measures are of interest in several areas: in representation the-
ory, in dynamics, in operator theory, and in C*-algebra theory. Recent work of
Dutkay—Jorgensen [43, 44, 42] focuses on special convex subsets of K(X,r) and
their extreme points. This work in turn is motivated by our desire to construct
wavelet bases on Julia sets.

Our work on K (X,r) extends what is know in traditional wavelet analysis.
While linear wavelet analysis is based on Lebesgue measure on R%, and Haar
measure on the d-torus T?, the nonlinear theory is different, and it begins with
results from geometric measure theory: We rely on results from [25], [60], [50],
and [61]. And our adaptation of spectral theory in turn is motivated by work by
Baggett et al. in [8, 7].

Related work reported in [61] further ties in with exciting advances on graph
C*-algebras pioneered by Paul Muhly, Iain Raeburn and many more in the C*-
algebra community; see [8], [10], [14], [20], [21], [31], [38] [65], [66], [68].

In this section, we establish specific basis constructions in the context of Julia
sets, function systems, and self-similar operators.

Specifically, we outline a construction of a multiresolution/wavelet analysis
for the Julia set X of a given rational function r(z) of one complex variable, i.e.,
X = Julia(r). Such an analysis could likely be accomplished with some kind of
wavelet representation induced by a normal operator 7" which is unitarily equiva-
lent to a function of itself. Specifically, T' is unitarily equivalent to r(7T), i.e.,

Ur =r(T)U, for some unitary operator U in a Hilbert space H. (3.7)

Even the existence of these representations would seem to be new and significant
in operator theory.

There are consequences and applications of such a construction: First we
will get the existence of a finite set of some special generating functions m; on
the Julia set X that may be useful for other purposes, and which are rather
difficult to construct by alternative means. The relations we require for a system
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mo,...,my—1 of functions on X (r) are as follows:
1
Z m;i(y) m;(y)h(y) = 6; jh(x) for a.e.x € X(r), (3.8)
yeX(r)
r(y)=e

where h is a Perron—Frobenius eigenfunction for a Ruelle operator R defined on
L>(X(r)). Secondly, it follows that for each Julia set X, there is an infinite-
dimensional group which acts transitively on these systems of functions. The gen-
erating functions on X we are constructing are analogous to the more familiar
functions on the circle T which define systems of filters in wavelet analysis. In
fact, the familiar construction of a wavelet basis in H = L?(R) is a special case of
our analysis.

In the standard wavelet case, the rational function r is just a monomial, i.e.,
r(z) = 2% where N is the number of frequency bands, and X is the circle T in the
complex plane. The simplest choice of the functions mg,...,my_1 and A in this
case is my(z) = 2%, 2 € T, 0 < k < N — 1, and h(z) = 1, z € T. This represents
previous work by many researchers, and also joint work between Jorgensen and
Bratteli [19].

Many applied problems are typically not confined to groups; examples are
turbulence, iterative dynamical systems, and irregular sampling. But there are
many more.

Even though attractors such as Julia sets are highly nonlinear, there are
adaptations of the geometric tools from the analysis on R to the nonlinear setting.

The adaptation of traditional wavelet tools to nonlinear settings begins with
an essential step: the construction of an appropriate Hilbert space; hence the mar-
tingales.

Jorgensen, Bratteli, and Dutkay have developed a representation-theoretic
duality for wavelet filters and the associated wavelets, or tight wavelet frames.
It is based on representations of the Cuntz algebra Oy (where N is the scale
number); see [19], [39], [44], [53]. As a by-product of this approach they get infinite
families of inequivalent representations of Ox which are of independent interest
in operator-algebra theory.

The mathematical community has long known of operator-theoretic power in
Fourier-analytic issues, e.g., Rieffel’s incompleteness theorem [68] for Gabor sys-
tems violating the Nyquist condition, cf. [34]. We now feel that we can address a
number of significant problems combining operator-theoretic and harmonic analy-
sis methods, as well as broadening and deepening the mathematical underpinnings
of our subject.

3.2. Multiresolution analysis (MRA)

One reason various geometric notions of multiresolution in Hilbert space (starting
with S. Mallat) have proved useful in computational mathematics is that these
resolutions are modeled on the fundamental concept of dyadic representation of
the real numbers; or more generally on some variant of the classical positional
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representation of real numbers. In a dyadic representation of real numbers, the
shift corresponds to multiplication by 271,

The analogue of that in Hilbert space is a unitary operator U which scales
functions by 271, If the Hilbert space H is L%(R), then a resolution is a closed
subspace Vy in H which is invariant under U with the further property that the
restriction of U to V) is a shift operator. Positive and negative powers of U then
scale ‘H into a nested resolution system indexed by the integers; and this lets us
solve algorithmic problems by simply following the standard rules from number
theory.

However, there is no reason at all that use of this philosophy should be
restricted to function spaces on the line, or on Euclidean space. Other geometric
structures from discrete dynamics admit resolutions as well.

Most MRA, Fourier multiresolution analysis (FMRA) and generalized mul-
tiresolution analysis (GMRA) wavelet constructions in pure and applied math-
ematics have a common operator-theoretic underpinning. Consider the operator
system (H,U,V (z)) from (3.4) above.

Proposition 3.3. Once the system (H,U, V) is given as in (3.4), a scale of closed
subspaces V,, (called resolution subspaces) may be derived from the spectral sub-
spaces of the representation T > z — V (z), i.e., subspaces (Vp), oy such that
Vn C Vn—i—ly

ﬂVn = {0}, UVn is dense in H,
and UV, C V1.

Conversely, if these spaces (V,) are given, then V(z) defined by equation
(3.5) can be shown to satisfy (3.4) if

Qo = the orthogonal projection onto U1V, & Vy,

and Qn =U""QoU", n € Z.
As a result we note the following criterion.

Proposition 3.4. A given unitary operator U in a Hilbert space H is part of some
multiresolution system (V) for H if and only if U is homogeneous of degree one
with respect to some representation V(z) of the one-torus T.

In application the spaces V,, represent a grading of the entire Hilbert space
‘H, and we say that U scales between the different levels. In many cases, this
operator-theoretic framework serves to represent structures which are similar up
to scale, structures that arise for example in the study of fractional Brownian
motion (FBM). See, e.g., [59], which offers a Hilbert-space formulation of FBM
based on a white-noise stochastic integration.

Moreover, this can be done for the Hilbert space H = L? (X, 100 ) associated
with a Julia set X. As a result, we get wavelet bases and Parseval wavelets in this
context.

This is relevant for the two mentioned classes of examples, Julia sets X (r),
and state spaces X (A) of substitutions or of subshifts. Recall that the translations
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by the integers Z on L?(R) are multiplication in the Fourier dual. For the Julia
sets, this corresponds to coordinate multiplication, i.e., multiplication by z on the
Hilbert space L?(X, ), consequently a normal operator. The construction will
involve Markov processes and martingales.

Thus, many of the concepts related to multiresolutions in L?(R) have ana-
logues in a more general context; moreover, they seem to exhibit interesting con-
nections to the geometry of Julia sets.

3.2.1. Pyramid algorithms and geometry. Several of the co-authors’ recent projects
involve some variant or other of the Ruelle transfer operator R, also called the
Ruelle-Perron—Frobenius operator. In each application, it arises in a wavelet-like
setting. But the settings are different from the familiar L?(R)-wavelet setup: one
is for affine fractals, and the other for Julia sets generated from iteration dynamics
of rational functions r(z).

Thus, there are two general themes in this work. In rough outline, they are
like this:

(1) In the paper [45], Dutkay and Jorgensen construct a new class of wavelets
on extended fractals based on Cantor-like iterated function systems, e.g., the
middle-third Cantor set. Our Hilbert space in each of our constructions is
separable. For the fractals, it is built on Hausdorff measure of the same (frac-
tal) dimension as the IFS-Cantor set in question. In the paper [45], we further
introduce an associated Ruelle operator R, and it plays a central role. For our
wavelet construction, there is, as is to be expected, a natural (equilibrium)
measure v which satisfies vR = v, i.e., a left Perron—Frobenius eigenvector. It
corresponds to the Dirac point-measure on the frequency variable w = 0 (i.e.,
low-pass) in the standard L?(R)-wavelet setting. It turns out that our mea-
sures v for the IFS-Cantor sets are given by infinite Riesz products, and they
are typically singular and have support = the whole circle T. This part of
our research is related to recent, completely independent, work by Benedetto
et al. on Riesz products.

(2) A second related research direction is a joint project in progress with Ola
Bratteli, where we build wavelets on Hilbert spaces induced by Julia sets of
rational functions r(z) of one complex variable. Let r be a rational function of
degree at least 2, and let X (r) be the corresponding Julia set. Then there is a
family of Ruelle operators indexed by certain potentials, and a corresponding
family of measures v on X (r) which satisfy ¥R = v, again with the measures v
playing a role somewhat analogous to the Dirac point-mass on the frequency
variable w = 0, for the familiar L?(R)-MRA wavelet construction.

Independently of Dutkay—Jorgensen [45], John Benedetto and his co-authors Erica
Bernstein and Ioannis Konstantinidis [12] have developed a new Fourier/infinite-
product approach to the very same singular measures that arise in the study in
[45]. The motivations and applications are different. In [45] the issue is wavelets
on fractals, and in [12], it is time-frequency duality.
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In this second class of problems, the measures v are far less well understood;
and yet, if known, they would yield valuable insight into the spectral theory of
r-iteration systems and the corresponding Julia sets X (7).

3.3. Julia sets from complex dynamics

Wavelet-like constructions are just under the surface in the following brief sketch
of problems. The projects all have to do with the kind of dynamical systems X
already mentioned; and €2 is one of the standard probability spaces. The space X
could be the circle, or a torus, or a solenoid, or a fractal, or it could be a Julia set
defined from a rational map in one complex variable. More generally, consider maps
r of X onto X which generate some kind of dynamics. The discussion is restricted
to the case when for each x in X, the pre-image r~!({z}) is assumed finite. Using
then a construction of Kolmogorov, it can be seen that these systems X admit
useful measures which are obtained by a limit construction and by averaging over
the finite sets 71 ({x}); see, e.g., Jorgensen’s new monograph [52] and Proposition
4.18 for more details.

We list three related problems:

(1) Operator algebras: A more systematic approach, along these lines, to crossed
products with endomorphisms. For example, trying to capture the framework
of endomorphism-crossed products introduced earlier by Bost and Connes
[16].

(2) Dynamics: Generalization to the study of onto-maps, when the number and
nature of branches of the inverse is more complicated; i.e., where it varies
over X, and where there might be overlaps.

(3) Geometry: Use of more detailed geometry and topology of Julia sets, in the
study of the representations that come from multiplicity considerations. The
Dutkay—Jorgensen paper [45] on fractals is actually a special case of Julia-set
analysis. (One of the Julia sets X from the above is a Cantor set in the usual
sense, e.g., the Julia set of r(z) =2z — 1/z; or r(2) = 2% — 3.)

A main theme will be Hilbert spaces built on Julia sets X (r) built in turn on
rational functions r (z) in one complex variable. In the case when r is not a mono-
mial, say of degree N > 2, we construct N functions m;, ¢ = 0,1,...,N — 1, on
X (r) which satisfy a set of quadratic conditions (3.8) analogous to the axioms
that define wavelet filters. We have done this, so far, using representation theory,
in special cases. But our results are not yet in a form where they can be used in
computations. By using results on the Hausdorff dimension of Julia sets, it would
also be interesting to identify inequivalent representations, both in the case when
the Julia set X is fixed but the functions vary, and in the case when X varies.
Moreover, we get an infinite-dimensional “loop group” G = G(X, N) acting
transitively on these sets of functions m;. The group G consists of measurable
functions from X into the group Uy of all unitary N by N complex matrices.
In particular, our method yields information about this group. Since X can be
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geometrically complicated, it is not at all clear how such matrix functions X —
Up (C) might be constructed directly.
The group G consists of measurable functions A: X (r) — Upn(C), and the

action of A on an (m;)-system is as follows: (m;) — (mgA))7 where
A
miM (@) =3 Ai(r(@)mi),  xe X(r). (3.9)
J

Even when N = 2, the simplest non-monomial examples include the Julia sets
of r(z) = 22 + ¢, and the two functions mg and m; on X (c) = Julia(z2 + ¢) are not
readily available by elementary means. The use of operator algebras, representation
theory seems natural for this circle of problems.

4. Main results

Multiresolution/wavelet analysis on Julia sets. We attempt to use equilibrium
measures (Brolin [25], Ruelle [71], Mauldin—Urbanski [61]) from discrete dynamical
systems to specify generalized low-pass conditions in the Julia-set theory. This
would seem to be natural, but there are essential difficulties to overcome. While
Ruelle’s thermodynamical formalism was developed for transfer operators where
the weight function W is strictly positive, the applications we have in mind dictate
careful attention to the case when W is not assumed strictly positive. The reason
is that for our generalized multiresolution analysis on Julia sets, W will be the
absolute square of the low-pass filter.

We begin with one example and a lemma. The example realizes a certain
class of state spaces from symbolic dynamics; and the lemma spells out a class
of invariant measures which will be needed in our Hilbert-space constructions
further into the section. The measures from part (ii) in Lemma 4.3 below are
often called strongly invariant measures, or equilibrium measures from Ruelle’s
thermodynamical formalism, see [71].

Example 4.1. Let N € Zy, N > 2 and let A = (a,'j)f»\fj:l be an N by N matrix
with all a;; € {0,1}. Set
X(A) = {(z) e [[{L, ... N} | Az, wi1) =1}
N

and let r = r4 be the restriction of the shift to X (A4), i.e.,
ra(zy, za,...) = (x2,23,...), x = (x1,22,...) € X(4).
Lemma 4.2. Let A be as above. Then
#ra' (@) =#{ye{l,... N} [A(y,z1) =1}

It follows that r4: X(A) — X (A) is onto iff A is irreducible, i.e., iff for all
J € Zn, there exists an ¢ € Zy such that A(i,j) = 1.

Suppose in addition that A is aperiodic, i.e., there exists p € Z, such that
AP >0onZy X Zy.
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We have the following lemma.

Lemma 4.3. (D. Ruelle [72, 9]) Let A be irreducible and aperiodic and let ¢ €
C(X(A)) be given. Assume that ¢ is a Lipschitz function.

(i) Set
(Rof)(@) = D e?Wf(y), for feC(X(A).

ra(y)==
Then there exist A\g > 0,

Ao = sup{ [A| | A € spec(Ry) },
h € C(X(A)) strictly positive and v a Borel measure on X (A) such that
Ryh = Aoh,
vRy = AoV,

and v(h) = 1. The data are unique.
(ii) In particular, setting

R() xr) =
(Rof)(x) #A TA(%;_»LJC

we may take Ao =1, h =1 and v =: pa, where ua is a probability measure
on X (A) satisfying the strong invariance property

dus = > A).
/X(A)qu /X(A>#r,4 Z f@)dua@), e L¥(X(A)

A

Our next main results, Theorems 4.4 and Theorem 4.6, are operator-theoretic,
and they address the following question: Starting with a state space X for a dy-
namical system, what are the conditions needed for building a global Hilbert space
H(X) and an associated multiscale structure? Our multiscales will be formulated
in the context of Definitions 3.2 (or equivalently 3.3) above; that is, we define
our multiscale structure in terms of a natural Hilbert space H(X) and a certain
unitary operator U on H(X) which implements the multiscales.

After our presentation of the Hilbert-space context, we turn to spectral the-
ory: In our next result, we revisit Baggett’s dimension-consistency equation. The
theorem of Baggett et al. [8] concerns a condition on a certain pair of multiplic-
ity functions for the existence of a class of wavelet bases for L2(R?). In Theorem
4.8 below, we formulate the corresponding multiplicity functions in the context of
nonlinear dynamics, and we generalize the Baggett et al. theorem to the Hilbert
spaces H(X) of our corresponding state spaces X.

As preparation for Theorem 4.15 below, we introduce a family of L2-martin-
gales, and we prove that the Hilbert spaces H (X)) are L?-martingale Hilbert spaces.
In this context, we prove the existence of an explicit wavelet transform (Theorem
4.15) for our nonlinear state spaces. But in the martingale context, we must work
with dilated state spaces X.; and in Proposition 4.18, and Theorems 5.1, 5.2,
5.9, and 5.12, we outline the role of our multiscale structure in connection with
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certain random-walk measures on X ... A second issue concerns extreme measures:
in Theorem 5.8 (in the next section) we characterize the extreme points in the
convex set of these random-walk measures.

Theorem 4.4. Let A be a unital C*-algebra, o an endomorphism on A, u a state
on A and, mg € A, such that

p(moa(f)mo) = p(f),  feA (4.1)

Then there exists a Hilbert space H, a representation w of A on H, U a unitary
on H, and a vector ¢ € A, with the following properties:

Ur(f)U* ==(al(f)), feA, (
(e lm(f)e)=nlf), [eA (
Up = m(a(l)mo)e (
span{ U "w(f)¢o |n>0,f € A} =H (
Moreover, this is unique up to an intertwining isomorphism.

We call (H,U, 7, p) the covariant system associated to p and my.

Corollary 4.5. Let X be a measure space, 7: X — X a measurable, onto map and
w a probability measure on X such that

Joran= [, L S s (1.6)

T(y) x
Let h € LY(X), h > 0 such that
1
(@) Y Imo@)Phly) = h(z), weX.

-1
#r) O

Then there exists (uniquely up to isomorphism) a Hilbert space H, a unitary U, a
representation © of L>°(X) and a vector ¢ € H such that

Un(fU =x(for), feL>X),

(o |7 / fhdu,  feL®(X),

Uyp = m(mo)e,
span{ U "n(f)p |n>0,f €e L(X)}=H

We call (H,U,r, ) the covariant system associated to mg and h.

The Baumslag—Solitar group. Our next theorem is motivated by the theory of
representations of a certain group which is called the Baumslag—Solitar group,
and which arises by the following simple semidirect product construction: the
Baumslag—Solitar group BS(1, N) is the group with two generators u and ¢ and
one relation utu~! = tV, where N is a fixed positive integer. Therefore the two
operators U of N-adic dilation and T of integral translation operators on R give
a representation of this group. But so do all familiar MRA-wavelet constructions.
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Representations of the Baumslag—Solitar group that admit wavelet bases can
be constructed also on some other spaces, such as L? (R) & --- & L? (R) [13, 41] or
some fractal spaces [45].

Hence wavelet theory fits naturally into this abstract setting of special rep-
resentations of the group BS(1, N) realized on some Hilbert space.

It is already known [39] that the representations that admit wavelets are
faithful and weakly equivalent to the right regular representation of the group.

Theorem 4.6.
(i) Let H be a Hilbert space, S an isometry on H. Then there exist a Hilbert
space H containing H and a unitary S on H such that

Slg =S, (4.7)
U S—rH=H. (4.8)

n>0
Moreover these are unique up to an intertwining isomorphism.

(ii) If A is a C*-algebra, o is an endomorphism on A and 7 is a representation
of A on H such that

Sm(g) =m(a(g))S, g€ A, (4.9)

then there exists a unique representation © on H such that
(9ln =7(9), ge€A (4.10)
S#(g) = #(alg)S, geA (4.11)

Corollary 4.7. Let X,r, and pu be as in Corollary 4.5. Let I be a finite or countable
set. Suppose H: X — B((*(I)) has the property that H(z) > 0 for almost every
r € X, and Hyj € LY(X) for all i,j € I. Let My: X — B(¢*(I)) such that
x — ||[Mp(x)|| is essentially bounded. Assume in addition that

S M{WH)Mo(y) = H(z), for ae. z € X. (4.12)
#rt (@) o2,

Then there ewistsAa Hilbert space IA(, a unitary operator U on IA(, a representation
7 of L°(X) on K, and a family of vectors (p;) € K, such that
Uk(g)U™" =#(gor),  g€L>(X),
Upi =Y #(Mo)ji)ps, i€,
jer
(o | #(0)es) = [ fHydn ijel, fe1¥(X),
span{ #(f)pi |n>0,f € L®(X),ic I} =K.

These are unique up to an intertwining unitary isomorphism. (All functions are
assumed weakly measurable in the sense that x — (& | F(x)n) is measurable for

all €,m € (2(I).)
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Suppose now that H is a Hilbert space with an isometry S on it and with a
normal representation 7 of L>°(X) on H that satisfies the covariance relation

S7(g) =n(gor)S, g € L=(X). (4.13)

Theorem 4.6 shows that there exists a Hilbert space H containing H, a uni-
tary S on H and a representation 7 of L*°(X) on H such that

(Vp := S7"(H)),, form an increasing sequence of subspaces with dense union,
S|y =S,
ﬁ"H =T,

S#(g) = #(gor)S.

Theorem 4.8.
(i) Vi = STY(H) is invariant for the representation 7. The multiplicity functions
of the representation m on Vi, and on Vo = H, are related by

my, (z) = Z myy (y), reX. (4.14)
r(y)=x
(i) If Wo:=VieVo=S"'HcH, then
my, () + mw, (z) = > my(y), weX. (4.15)
r(y)=z

Proof. Note that S maps Vi to Vp, and the covariance relation implies that the
representation # on V; is isomorphic to the representation 7": g — (g o r) on
Vo. Therefore we have to compute the multiplicity of the latter, which we de-
note by my, .

By the spectral theorem there exists a unitary isomorphism J: H(= V) —
L?(X,my,, 1), where, for a multiplicity function m: X — {0,1,...,00}, we use
the notation

L2(X.mop) = { f+ X — UpexC™® | f(z) € C), /X /()] du(z) < oo}

In addition J intertwines 7 with the representation of L°°(X) by multiplication
operators, i.e.,

(Jr(@)J H())(@) =g(x)f(z), g€L>X),feL*X my,p),zeX.

Remark 4.9. Here we are identifying H with L?(X,my,, i) via the spectral repre-
sentation. We recall the details of this representation H 3 f — f € L?(X,my,, it).
Recall that any normal representation m € Rep(L>°(X), H) is the orthogonal

sum
H= 3" (L= (X))H, (4.16)

keC
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where the set C' of vectors k € H is chosen such that

. 1B =1,
o (k| 7m(g)k)= / g(@)vg () du(x), for all k € C;
X
o (K'|n(9)k) =0, ge LX),k k' € C,k#k'; orthogonality.

The formula (4.16) is obtained by a use of Zorn’s lemma. Here, v? is the Radon-
Nikodym derivative of (k| 7(-)k ) with respect to u, and we use that 7 is assumed
normal.

For f € H, set

®
F=Y" 7k, gx € L™(X)
keC
and

F= 37 grow € LA(X,2(C)).
keC

Then W f = f is the desired spectral transform, i.e.,

W is unitary,
Wr(g) = M(g)W,

IF @17 = lgu(x

keC

and

Indeed, we have

J i@ = [ 3 )P du) = X [ ot da

keC keC
2
= 3 (kg ) = S lntankl2 = | S5 w(ak| = 171
keC keC keC H

It follows in particular that the multiplicity function m(xz) = my(x) is

m(z) =#{keC|uv(x)#0}.
Setting
X ={zeX|mx)>i}, i>1,
we see that
H~ 37 L2(X, 1) = L2(X, m, ),

and the isomorphism intertwines 7(g) with multiplication operators.

Returning to the proof of the theorem, we have to find the similar form for
the representation 7". Let

)= Y myy), zX. (4.17)

r(y=a
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Define the following unitary isomorphism:

L: (X, myy, p) — L*(X, m, ),

1
(LE)(x) = V1) EW))ry)=a-

(Note that the dimensions of the vectors match because of (4.17).) This operator
L is unitary. For £ € L?(X,my,, i), we have

L —— HLf(x)HZduu)

[t T Wl dute)

7"(y) @

- / €)1 du(z)
X

And L intertwines the representations. Indeed, for g € L*°(X),

Lgor&)(x) = (9(r()E¥))r(y)=e = 9(x)L(E)(2).

Therefore, the multiplicity of the representation 7" : g — m(g o r) on Vj is m, and
this proves (i).

(ii) follows from (i).
Conclusions. By definition, if k € C,

(kI m(@) = [ g(opon(e) dufe). and

k1w k) = [ atr)onte? duw) = [ o, 32 e )
and so
m(@) =#{keC| Y wly? >0}
ry)=s
Y #{keC|n@?’>0}l= > m).
ry)=z ry)=z

Let C™(z) :={k € C | vg(x) # 0}. Then we showed that
croy = J ")
yeX,r(y)=x
and that C™(y) N C™(y') = 0 when y # ¢’ and r(y) = r(y’) = xz. Setting
H(z) = 2(C™(x)), we have
H(z) = £(C™(z)) = Z 2™y Z H(y
r(y)=z r(y)== ]
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4.1. Spectral decomposition of covariant representations: projective limits

We give now a different representation of the construction of the covariant system
associated to mg and h.
We work in either the category of measure spaces or topological spaces.

Definition 4.10. Let r: X — X be onto, and assume that # 7~ 1(x) < oo for all
x € X. We define the projective limit of the system:

XEXEX - X, (4.18)

as
Xeo :={2 = (w0, 21,...) | r(Tns+1) = xp, for alln >0}.

Let 0,,: Xoo — X be the projection onto the nth component:
en(x()axla"-):xna <x07x13-")eXOO

Taking inverse images of sets in X through these projections, we obtain a sigma-
algebra on X, or a topology on X,
We have an induced mapping 7: X, — X, defined by

#(&) = (r(zo), zo, 71,...), and with inverse 7~ *(2) = (z1,22,...). (4.19)

so 7 is an automorphism, i.e., o7 ! =idyx_ and 771 o =idx__
Note that
Oporf =106, =0,_1,

Consider a probability measure p on X that satisfies

/fdu /# L Z 1y (4.20)

For mgy € L*°(X), define

RO@ = , L S mo)Pew),  €erl(X).  (121)
#ri(@) r(y)=z

We now resume the operator theoretic theme of our paper, that of extending
a system of operators in a given Hilbert space to a “dilated” system in an ambient
or extended Hilbert space; the general idea being that the dilated system acquires
a “better” spectral theory; for example, contractive operators dilate to unitary
operators in the extended Hilbert space; and similarly, endomorphisms dilate to
automorphisms. This of course is a general theme in operator theory; see e.g.,
[10] and [38]. But in our present setting, there is much more structure than the
mere Hilbert space geometry: We must adapt the underlying operator theory to
the particular function spaces and measures at hand. The next theorem (Theorem
4.13) is key to the understanding of the dilation step as it arises in our context
of multiscale theory. It takes into consideration how we arrive at our function
spaces by making dynamics out of the multiscale setting. Hence, the dilations we
construct take place at three separate levels as follows:
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e dynamical systems,
(X, r, n) endomorphism — (X, 7, i), automorphism ;
e Hilbert spaces,
Ly(X, hdp) — (Rmoh = h) — L*(Xoo, f1);
e operators,
Sme isometry — U unitary (if mg is non-singular),
M (g) multiplication operator — My (g).

Definition 4.11. A function my on a measure space is called singular if mg =0 on
a set of positive measure.

In general, the operators S,,, on Hy = L*(X,hdu), and U on L*(X, f1),
may be given only by abstract Hilbert-space axioms; but in our martingale repre-
sentation, we get the following two concrete formulas:

(Smo&) (@) = mo(x)€(r(x)),  x € X,{€ H,
(UF)(@) =mo(zo) f(F(E)), &€ X, [ € L*(Xoc, 1)

Definition 4.12. Let X, r, u, and W be given as before. Recall r: X — X is a
finite-to-one map onto X, u is a corresponding strongly invariant measure, and
W: X — [0,00) is a measurable weight function. We define the corresponding
Ruelle operator R = Ryy, and we let h be a chosen Perron-Frobenius-Ruelle
eigenfunction. From these data, we define the following sequence of measures w,
on X. (Our presentation of a wavelet transform in Theorem 4.15 will depend on
this sequence.) For each n, the measure w,, is defined by the following formula:

ol = [ R dn, £ e LX), (4.22)

To build our wavelet transform, we first prove in Theorem 4.13 below that
each of the measure families (w,,) defines a unique W-quasi-invariant measure /i on
Xeoo- In the theorem, we take W := |mg|?, and we show that j is quasi-invariant
with respect to 7 with transformation Radon-Nikodym derivative W.

Theorem 4.13. If h € LY(X), h > 0 and Rh = h, then there exists a unique
measure i on Xoo such that

ﬂo&;lzwn, n > 0.
We can identify functions on X with functions on X by
f(zo,x1,...) = f(x0), f: X-—>C.
Under this identification,
= [mo|*. (4.23)
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Theorem 4.14. Suppose my is non-singular, i.e., it does not vanish on a set of
positive measure. Define U on L*(Xoo, 1) by

Uf: mOfO,F? f € LQ(Xooaﬂ)a
T(g)f =9/, g€ LOO(X)af € LZ(Xoovﬂ)a
p=1.
Then (L*(Xoo, 1), U, , ) is the covariant system associated to mo and h as in
Corollary 4.5. Moreover, if Myf = gf for g € L®(Xe, i) and f € L*(Xoo, 1),
then
UM U™ = Myor.

The Hilbert space L?(X o, fi) admits a different representation as an L2-mar-
tingale Hilbert space. Let

Hy o= {f € D(Xoo, ) | f = €06, € L2(X,w0) }.

Then H,, form an increasing sequence of closed subspaces which have dense union.
We can identify the functions in H,, with functions in L?(X,w,), by

in(§) =00, £ € L*(X,wn).

The definition of /i makes 4,, an isomorphism between H,, and L?(X,w,).
Define

H:= {(507517 o ) ’ fn € LZ(Xa wn)aR(fn—&-lh) = f’ﬂha sup ARn(|£n‘2h) dlu’ < OO}

with the scalar product

<(€Oa€17"') ‘ (7707771,~-~)> = lim Rn(gnnnh) dlu‘

Theorem 4.15. The map ®: L? (X, i) — H defined by
O(f) = (i (Paf))n>o,

where P, is the projection onto H,, is an isomorphism. The transform ® satisfies
the following three conditions, and it is determined uniquely by them:

QU (&n)n>0 = (Mo 0 1™ Ent1)n>o0,
Om(g)® ™ (En)nzo0 = (9 07" &n)n>o,
Pp=(1,1,...).
Theorem 4.16. There exists a unique isometry V: L?(Xoo, 1) — H such that
U(Eob,) =UT7(U", &€ L™(X,p).
U intertwines the two systems, i.e.,
VU =0, ¥n(g) =7(g)¥, forge L™(X,n), Vo=

Theorem 4.17. Let (mq, h) be a Perron—Ruelle—Frobenius pair with mo non-singu-
lar.
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(i) For each operator A on L*( X, fi) which commutes with U and 7, there exists
a cocycle f, i.e., a bounded measurable function f: Xoo — C with f = for,
[i-a.e., such that

A= My, (4.24)
and, conversely each cocycle defines an operator in the commutant.

(ii) For each measurable harmonic function ho: X — C, i.e., Ry ho = ho, with
|ho|? < ch? for some ¢ > 0, there exists a unique cocycle f such that

ho = Eo(f)h, (4.25)

where Ey denotes the conditional expectation from L (X, i) to L (X, ),
and conversely, for each cocycle the function hgy defined by (4.25) is harmonic.
(iii) The correspondence hg — f in (ii) is given by
h
f=lim °o#b, (4.26)

n—oo h

where the limit is pointwise fi-a.e., and in LP(Xs, ft) for all 1 < p < co.

The final result in this section concerns certain path-space measures, indexed by
a base space X. Such a family is also called a process: it is a family of positive
Radon measures P, indexed by x in the base space X. Each P, is a measure on the
probability space €2 which is constructed from X by the usual Cartesian product,
i.e., countably infinite Cartesian product of X with itself. The Borel structure on
Q) is generated by the usual cylinder subsets of 2. Given a weight function W
on X, the existence of the measures P, comes from an application of a general
principle of Kolmogorov.

Let X be a metric space and r: X — X an N to 1 map. Denote by 7: X —
X, ke{l,...,N}, the branches of r, i.e., r(7x(x)) = z for z € X, the sets 7,(X)
are disjoint and they cover X.

Let p be a measure on X with the property

- ! ﬁ: ory t (4.27)
a N k=1 e .
This can be rewritten as
1 N
[ s@ ) = > | souta) duto) (428)

which is equivalent also to the strong invariance property.
Let W, h > 0 be two functions on X such that

Z W (T (z))h(m(x)) = h(z), reX. (4.29)
k=1

Denote by 2 the multi-index set
Q:=Qy:=[]{1,....N}.
N
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Also we define
W (z) .= W ()W (r(z)) - W™ (z)), reX.

The final result in this section concerns certain path-space measures. In this
context each measure P, is a measure on 2. We will return to a more general
variant of these path-space measures in Theorem 5.12 in the next section. This
will be in the context of a system (X,r, V) where r: X — X is a give finite to
one endomorphism, and W: X — [0, 00) is a measurable weight function. In this
context the measures (P,) are indexed by a base space X, and they are measures
on the projective space X, built on (X, r), see Definition 4.10. The family (P,) is
also called a process: each P, is a positive Radon measure on X, and X, may
be thought of as a discrete path space.

The Borel structure on €2, and on X, is generated by the usual cylinder
subsets. Given a weight function W on X, the existence of the measures P, := P}V
comes from an application of a general principle of Kolmogorov.

Proposition 4.18. For every x € X there exists a positive Radon measure P, on )
such that, if f is a bounded measurable function on X which depends only on the
first n coordinates wy, ...,wy, then

Af@ﬂ&@)

= S WO Ty T @DA(Ta Ty T (@) f (@1 wa). - (4.30)

W1y Wn

5. Remarks on other applications

Wavelet sets. Investigate the existence and construction of wavelet sets and el-
ementary wavelets and frames in the Julia-set theory, and the corresponding in-
terpolation theory, and their relationships to generalized multiresolution analysis
(GMRA). The unitary system approach to wavelets by Dai and Larson [32] dealt
with systems that can be very irregular. And recent work by Olafsson et al. shows
that wavelet sets can be essential to a basic dilation-translation wavelet theory
even for a system where the set of dilation unitaries is not a group.

The renormalization question. When are there renormalizable iterates of r in arith-
metic progression, i.e., when are there iteration periods n such that the system
{r*n k € N} may be renormalized, or rescaled to yield a new dynamical system of
the same general shape as that of the original map r(z)?

Since the scaling equation (2.2) from wavelet theory is a renormalization,
our application of multiresolutions to the Julia sets X (r) of complex dynamics
suggests a useful approach to renormalization in this context. The drawback of
this approach is that it relies on a rather unwieldy Hilbert space built on X (r),
or rather on the projective system X (1) built in turn over X (r). So we are left
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with translating our Hilbert-space-theoretic normalization back to the direct and
geometric algorithms on the complex plane.

General and rigorous results from complex dynamics state that under addi-
tional geometric hypotheses, renormalized dynamical systems range in a compact
family.

The use of geometric tools from Hilbert space seems promising for renormal-
ization questions (see, e.g., [64], [15], [23], and [74]) since notions of repetition up
to similarity of form at infinitely many scales are common in the Hilbert-space
approach to multiresolutions; see, e.g., [35]. And this self-similarity up to scale
parallels a basic feature of renormalization questions in physics: for a variety of in-
stances of dynamics in physics, and in telecommunication [64, 15, 20], we encounter
scaling laws of self-similarity; i.e., we observe that a phenomenon reproduces itself
on different time and/or space scales.

Self-similar processes are stochastic processes that are invariant in distribu-
tion under suitable scaling of time and/or space (details below!) Fractional Brown-
ian motion is perhaps the best known of these, and it is used in telecommunication
and in stochastic integration. While the underlying idea behind this can be traced
back to Kolmogorov, it is only recently, with the advent of wavelet methods, that
its computational power has come more into focus, see, e.g., [64]. But at the same
time, this connection to wavelet analysis is now bringing the operator-theoretic
features in the subject to the fore.

In statistics, we observe that fractional Brownian motion (a Gaussian pro-
cess B(t) with E{B(t)} = 0, and covariance E{B(t)B(s)} given by a certain
h-fractional law) has the property that there is a number h such that, for all a,
the two processes B(at) and a"B(t) have the same finite-dimensional distribu-
tions. The scaling feature of fractional Brownian motion, and of its corresponding
white-noise process, is used in telecommunication, and in stochastic integration;
and this connection has been one of the new and more exciting domains of appli-
cations of wavelet tools, both pure and applied (Donoho, Daubechies, Meyer, etc.
[35, 33, 63]).

This is a new direction of pure mathematics which makes essential contact
with problems that are not normally investigated in the context of harmonic anal-
ysis.

In our proofs, we take advantage of our Hilbert-space formulation of the
notion of similarity up to scale, and the use of scales of closed subspaces V,, in
a Hilbert space H. The unitary operator U which scales between the spaces may
arise from a substitution in nonlinear dynamics, such as in the context of Julia
sets [11]; it may “scale” between the sigma-algebras in a martingale [36, 37, 75];
it may be a scaling of large volumes of data (see, e.g., [1]); it may be the scaling
operation in a fractional Brownian motion [64, 59]; it may be cell averages in finite
elements [29]; or it may be the traditional dyadic scaling operator in H = L?(R)
in wavelet frame analysis [28, 29].

Once the system (H, (V,,),U) is given, then it follows that there is a unitary
representation V of T in H which defines a grading of operators on H. Moreover
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U then defines a similarity up to scale precisely when U has grade one, see (3.4)
for definition. We also refer to the papers [4, 10] for details and applications of
this notion in operator theory.

The general idea of assigning degrees to operators in Hilbert space has served
as a powerful tool in other areas of mathematical physics (see, e.g., [3], [22]; and
[16] on phase transition problems); operator theory [5, 4, 38, 2]; and operator
algebras; see, e.g., [31, 73, 24].

Our research, e.g., [43], in fact already indicates that the nonlinear problems
sketched above can be attacked with the use of our operator-theoretic framework.

Wavelet representations of operator-algebraic crossed products. The construction
of wavelets requires a choice of a low-pass filter mg € L*°(T) and of N — 1 high-
pass filters m; € L°°(T) that satisfy certain orthogonality conditions. As shown
in [17], these choices can be put in one-to-one correspondence with a class of
covariant representations of the Cuntz algebra Oy . In the case of an arbitrary N-
to-one dynamical system r: X — X, the wavelet construction will again involve
a careful choice of the filters, and a new class of representations is obtain. The
question here is to classify these representations and see how they depend on the
dynamical system r. A canonical choice of the filters could provide an invariant
for the dynamical system.

In a recent paper [47], the crossed-product of a C*-algebra by an endomor-
phism is constructed using the transfer operator. The required covariant relations
are satisfied by the operators that we introduced in [43], [44].

There are two spaces for these representations: one is the core space of the
multiresolution Vo = L?(X, 11). Here we have the abelian algebra of multiplication
operators and the isometry S: f +— mg for. Together they provide representations
of the crossed product by an endomorphism. The second space is associated to a
dilated measure fi on the solenoid of r, L*(Xoo, 1) (see [43], [44]). The isometry
S is dilated to a unitary S which preserves the covariance. In this case, we are
dealing with representations of crossed products by automorphisms.

Thus we have four objects interacting with one another: crossed products by
endomorphisms and their representations, and crossed products by automorphisms
and its representations on L2(X, i).

The representations come with a rich structure given by the multiresolution,
scaling function and wavelets. Therefore their analysis and classification seems
promising.

KMS-states and equilibrium measures. In [48], the KMS states on the Cuntz—
Pimsner algebra for a certain one-parameter group of automorphisms are obtained
by composing the unique equilibrium measure on an abelian subalgebra (i.e., the
measure which is invariant to the transfer operator) with the conditional expec-
tation. These results were further generalized in [58] for expansive maps and the
associated groupoid algebras.

As we have seen in [45] for the case when r(z) = 2z, the covariant representa-
tions associated to some low-pass filter mg are highly dependent on the equilibrium
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measure v. As outlined above, we consider here an expansive dynamical system
built on a given finite-to-one mapping r: X — X, and generalizing the familiar
case of the winding mapping z — 2% on T. In our r: X — X context, we then
study weight functions V': X — [0, 00). If the zero-set of V' is now assumed finite,
we have so far generalized what is known in the z — 2z case. Our results take the
form of a certain dichotomy for the admissible Perron—Frobenius—Ruelle measures,
and they fit within the framework of [58]. Hence our construction also yields covari-
ant representations and symmetry in the context of [58]. Our equilibrium measures
in turn induce the kind of KMS-states studied in [58].

The results of [58] and [48] restrict the weight function (in our case repre-
sented by the absolute square of the low-pass filter, [mg|?) to being strictly pos-
itive and Hoélder continuous. These restrictions are required because of the form
of the Ruelle-Perron—Frobenius theorem used, which guarantees the existence and
uniqueness of the equilibrium measure.

However, the classical wavelet theory shows that many interesting examples
require a “low-pass condition”, mg(1) = v/ N, which brings zeroes for |mg|?.

Our martingale approach is much less restrictive than the conditions of [58]:
it allows zeroes and discontinuities. Coupled with a recent, more general form of
Ruelle’s theorem from [49], we hope to extend the results of [58] and be able to find
the KMS states in a more general case. Since the existence of zeroes can imply
a multiplicity of equilibrium measures (see [41], [19]) a new phenomenon might
occur such as spontaneously breaking symmetry.

For each KMS state, one can construct the GNS representation. Interest-
ing results are known [65] for the subshifts of finite type and the Cuntz—Krieger
algebra, when the construction yields type III, AFD factors.

The natural question is what type of factors appear in the general case of
r: X — X. Again, a canonical choice for the low-pass filter can provide invariants
for the dynamical system.

Historically, von-Neumann-algebra techniques have served as powerful tools
for analyzing discrete structures. Our work so far suggests that the iteration
systems (X, r) will indeed induce interesting von-Neumann-algebra isomorphism
classes.

Dimension groups. We propose to use our geometric algorithms [20, 21] for deciding
order isomorphism of dimension groups for the purpose of deciding isomorphism
questions which arise in our multiresolution analysis built on Julia sets. The project
is to use the results in [20] to classify substitution tilings in the sense of [66], [67].

Equilibrium measures, harmonic functions for the transfer operator, and infinite
Riesz products. In [19], [41], for the dynamical system z — 2V, we were able to
compute the equilibrium measures, the fixed points of the transfer operator and
its ergodic decomposition by analyzing the commutant of the covariant represen-
tations associated to the filter mg. In [43], [44] we have shown that also in the
general case there is a one-to-one correspondence between harmonic functions for
the transfer operator and the commutant. Thus an explicit form of the covariant
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representation can give explicit solutions for the eigenvalue problem R,,,h = h,
which are of interest in ergodic theory (see [9]).

In some cases, the equilibrium measures are Riesz products (see [45]); these
are examples of exotic measures which arise in harmonic analysis [12, 46, 56, 6,
69, 14, 26, 27, 57, 62, 70]. The wavelet-operator-theoretic approach may provide
new insight into their properties.

Non-uniqueness of the Ruelle-Perron—Frobenius data. A substantial part of the
current literature in the Ruelle-Perron—Frobenius operator in its many guises
is primarily about conditions for uniqueness of KMS; so that means no phase
transition. This is ironic since Ruelle’s pioneering work was motivated by phase-
transition questions, i.e., non-uniqueness.

In fact non-uniqueness is much more interesting in a variety of applications:
That is when we must study weight functions W in the Ruelle operator R = Ry
when the standard rather restrictive conditions on W are in force. The much cele-
brated Ruelle theorem for the transition operator R gives existence and uniqueness
of Perron-Frobenius data under these restrictive conditions. But both demands
from physics, and from wavelets, suggest strong and promising research interest
in relaxing the stringent restrictions that are typical in the literature, referring to
assumptions on W. There is a variety of exciting possibilities. They would give us
existence, but not necessarily uniqueness in the conclusion of a new Ruelle-type
theorem.

Induced measures. A basic tool in stochastic processes (from probability theory)
involves a construction on a “large” projective space X, based on some marginal
measure on some coordinate space X. Our projective limit space X, will be
constructed from a finite branching process.

Let A be a k x k matrix with entries in {0,1}. Suppose every column in A
contains an entry 1.

Set X(A) = { (&)ien € [In{1,.- K} [ A&, &41) =1} and
T‘A<£1,fg,...):(52,53,...) fOI‘fEX(A)

Then 74 is a subshift, and the pair (X (A),r4) satisfies our conditions.

It is known [72] that, for each A, as described, the corresponding system
ra: X(A) — X(A) has a unique strongly ra-invariant probability measure, pa4,
i.e., a probability measure on X (A) such that pg o Ry = pa, where Ry is defined
as in (5.1) below.

We now turn to the connection between measures on X and an associated
family of induced measures on X, and we characterize those measures X, which
are quasi-invariant with respect to the invertible mapping 7, where X, := {& =
(xo,z1,...) € [Iy, X | 7(Tn41) = 0 }, 7(2) = (r(w0), 20, 21, - .. )-

In our extension of measures from X to X.., we must keep track of the
transfer from one step to the next, and there is an operator which accomplishes
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this, Ruelle’s transfer operator

1
Rwf@= , Sy 20 WO,  Jel' X, (5.1)
r(y)=a
In its original form it was introduced in [72], but since that, it has found a variety
of applications, see e.g., [9]. For use of the Ruelle operator in wavelet theory, we
refer to [54] and [41].

The Hilbert spaces of functions on X, will be realized as a Hilbert spaces
of martingales. This is consistent with our treatment of wavelet resolutions as
martingales. This was first suggested in [51] in connection with wavelet analysis.

In [43], we studied the following restrictive setup: we assumed that X carries
a probability measure p which is strongly r-invariant. By this we mean that

1 (o)
Jora= [, L X fwae. rerrx. 62

yeX,r(y)=z

If, for example X = R/Z, and r(z) = 2z mod 1, then the Haar measure on
R/Z = Lebesgue measure on [0, 1) is the unique strongly r-invariant measure on X.

Suppose the weight function V' is bounded and measurable. Then define R =
Ry, the Ruelle operator, by formula (5.1), with V = W.

Theorem 5.1. ([43]) Let 7: X — X and Xoo(r) be as described above, and suppose
that X has a strongly r-invariant measure . Let V' be a non-negative, measurable
function on X, and let Ry be the corresponding Ruelle operator.

(i) There is a unique measure fi on Xoo(r) such that

(a) froby" < p (set h= "0,
(b) [y fdino;' = [ Ri(fh)du,  n €N,

(ii) The measure fi on Xoo(r) satisfies

d(ftofr
Ojlﬂ ) Voo, (5.3)
and
Ryh = h. (5.4)

If the function V: X — [0, 00) is given, we define
VI (@) = V(@)V(r() - V(" (),

and set du, = V"dug. Our result states that the corresponding measure /i on
Xoo(r) is V-quasi-invariant if and only if

dpo = (V dug) or™t. (5.5)
Theorem 5.2. Let V: X — [0,00) be B-measurable, and let g be a measure on X
satisfying the following fixed-point property

dpo = (V dug) or™ 1. (5.6)
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Then there exists a unique measure ji on Xoo(r) such that

dlftoft
and
frobyt = po.

Definition 5.3. Let V: X — [0,00) be bounded and B-measurable. We use the
notation

MY(X):={peM(X)|dp=(Vdp)or "}
For measures [i on (X (r), Boo) we introduce
dliio 7
M) = { e MOt [ o < ana W67 —von ] (o)

As in Definition 5.3, let X, r, and V be as before, i.e., r is a finite-to-one
endomorphism of X, and V: X — [0,00) is a given weight function. In the next
theorem, we establish a canonical bijection between the convex set MV (X) of
measures on X with the set of V-quasi-invariant measures on X.,, which we call
M(x(Xoo(r)), see (5.8).

The results of the previous section may be summarized as follows:
Theorem 5.4. Let V be as in Definition 5.3. For measures fi on Xoo(r) and n € Ny,
define

Culf) = 1o 6,

Then Cy is a bijective affine isomorphism of M} (Xoo(r)) onto MY (X) that pre-
serves the total measure, i.e., Co(f1)(X) = (X (7)) for all s € M;;(Xoo(r)).
Theorem 5.5. Let V: X — [0,00) be continuous. Assume that there exist some
measure v on (X,B) and two numbers 0 < a < b such that

a<v(X)<b, anda < / vV dy <b for all n € N. (5.9)
X

Then there exists a measure po on (X,B) that satisfies
duo = (V dug) or™?,
and there exists a V-quasi-invariant measure fi on (Xoo(r), Boo).

Theorem 5.6. Let (X,B), andr: X — X, be as described above. Suppose V: X —
[0, 00) is measurable,
g XV

and that some probability measure vy on X satisfies
vy o RV = Vy. (510)
Assume also that (X,B) carries a strongly r-invariant probability measure p, such

that
p{zeX|V(z)>0}) >0. (5.11)
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Then
(i) TP(dp) = R (1) dp, for n € N, where 1 denotes the constant function one.
(i) [Monotonicity] --- < RET(1) < RE(1) < --- < 1, pointwise on X.
1il e limat lim,,_, = hy exists, Ryhy = hy, an
iii) The limit li Ry(1)=h ists, Ry h h d
p{ze X | hy(z) >0}) > 0. (5.12)
(iv) The measure d,u((]v) = hy dp is a solution to the fized-point problem
Ty (uy ) = ng”-
(v) The sequence d,uglv) =V hy dp defines a unique iV as in Theorem 5.1;
and
(vi) ,uglv) (f) = [x Ry (fhv) dp for all bounded measurable functions f on X, and
alln € N.
Finally,

(vii) The measure V) on Xoo(r) satisfying i(V) 0 6" = M%V) has total mass

i X)) = plhv) = [ ht@)dp(o).
Definition 5.7. A measure po € MY (X) is called relatively ergodic with respect to
(r, V) if the only non-negative, bounded B-measurable functions f on X satisfying

Eu(Vf)=E,(V)for, pointwise ugor '-a.e.,
are the functions which are constant pg-a.e.

Since we have a canonical bijection between the two compact convex sets of
measures M} (X) and M¥71(Xm(r)), the natural question arises as to the extreme
points. This is answered in our next theorem. We show that there are notions ergod-
icity for each of the two spaces X and X (r) which are equivalent to extremality

in the corresponding compact convex sets of measures.
Theorem 5.8. Let V: X — [0,00) be bounded and measurable. Let
fr € My, (Xoo(r)), and po := o 6y' € MY (X).
The following assertions are equivalent:
(i) @ is an extreme point of M;;’l(Xoo(r));

(ii) Vo bodji is ergodic with respect to 7;
(iii) po is an extreme point of MY (X);
)

(iv) o is relatively ergodic with respect to (r, V).

We now turn to the next two theorems. These are counterparts of our di-
mension-counting functions which we outlined above in connection with Theorem
4.8; see especially Remark 4.9. They concern the correspondence between the two
classes of measures, certain on X (see Theorem 5.8), and the associated induced
measures on the projective space Xo,. Our proofs are technical and will not be in-
cluded. (The reader is referred to [42] for further details.) Rather we only give a few
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suggestive hints: Below we outline certain combinatorial concepts and functions
which are central for the arguments. Since they involve a counting principle, they
have an intuitive flavor which we hope will offer some insight into our theorems.
Let X be a non-empty set, B a sigma-algebra of subsets of X, and r: X — X
an onto, finite-to-one, and B-measurable map.
We will assume in addition that we can label measurably the branches of the
inverse of r. By this, we mean that the following conditions are satisfied:

The map ¢: X 3 x+ #7r '(x) < oo is measurable . (5.13)
We denote by A; the set
Ai={zecX|c(x)=#rY(x)>i}, ieN.

Equation (5.13) implies that the sets A; are measurable. Also they form a decreas-
ing sequence and, since the map is finite-to-one,

X:UMM\&)

Then, we assume that there exist measurable maps 7;: A; — X, i € {1,2,...}
such that

rHz) = {n(2),..., 7@ (@)}, z € X, (5.14)
Ti(4;)) €B forallie{1,2,...}. (5.15)
Thus 71 (), . .., Te(x) (@) is a list without repetitions of the “roots” of z, r~!(z).
From (5.14) we obtain also that
and -
U 7i(A;) = X. (5.17)
i=1

In the sequel, we will use the following notation: for a function f: X — C, we
denote by f o 7; the function
fo”“”{o if z € X\ A

Our Theorem 4.13 depends on the existence of some strongly invariant mea-
sure g on X, when the system (X, r) is given. However, in the general measurable
category, such a strongly invariant measure p on X may in fact not exist; or if it
does, it may not be available by computation. In fact, recent wavelet results (for
frequency localized wavelets, see, e.g., [7] and [8]) suggest the need for theorems
in the more general class of dynamical systems (X, r).

In the next theorem (Theorem 5.9), we provide for each system, X, r, and V
a substitute for the existence of strongly invariant measures. We show that there
is a certain fixed-point property for measures on X which depends on V' but not
on the a priori existence of strongly r-invariant measures, and which instead is
determined by a certain modular function A on X. This modular function in turn
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allows us to prove a dis-integration theorem for our V-quasi-invariant measures
i on Xo. In Theorem 5.12, we give a formula for this dis-integration of a V-
quasi-invariant measure i on X, in the presence of a modular function A. Our
dis-integration of fi is over a Markov process P, for z in X, which depends on A,
but otherwise is analogous to the process P, we used in Proposition 4.18.

Theorem 5.9. Let (X,B) and r: X — X be as above. Let V: X — [0,00) be a
bounded B-measurable map. For a measure ug on (X,B), the following assertions
are equivalent.

(i) The measure po has the fized-point property

/ Vforduoz/ fdpo, for all f € L=(X, o). (5.18)
X X
(ii) There exists a non-negative, B-measurable map A (depending on V' and po)
such that
Z Ay) =1, for pp-a.e. x € X, (5.19)
r(y)=z
and
/ V fdpo = / > AW f() dpo(z), for all f € L™(X, o). (5.20)
r(y)==

Moreover, when the assertions are true, A is unique up to V dug-measure zero.

We recall the definitions: if B is a sigma-algebra on a set X and r: X — X
is a finite-to-one, onto and measurable map, we denote by X, the set

Xoo(r) := { (zo, 21, - 7(Tpt1) = X, for all m € Ny }

n€Np

We denote the projections by 6,,: Xoo(r) > (x9,21,...) — z, € X. The union
of the pull-backs 6, 1(B) generates a sigma-algebra B,. The map r extends to a
measurable bijection 7: Xoo(r) — Xoo(r) defined by

f(l‘(],l’l, . ) = (T(I‘()),$0,$1, e )

Let V: X — [0,00) be a measurable, bounded function. We say that a mea-
sure po on (X, B) has the fized-point property if

[ viordn= [ faw.  fer=(x.m)

X X

We say that a measure i on (Xoo(7), Boo) is V-quasi-invariant if
d(fio7) =V o by dji.

We recall the following result from [44].
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Theorem 5.10. There exists a one-to-one correspondence between measures i
on X with the fized-point property and V -quasi-invariant measures fi on Xoo(r),
given by

po = fro byt
Proposition 5.11. Let (X,B), r: X — X and be as above, and let D: X — [0, 00)
be a measurable function with the property that

> D) =1. (5.21)

r(y)=z
Denote by D™ the product of compositions
D™ .=D.Dor-----Dor" !, neN, DO.=1 (5.22)

Then for each xo € X, there exists a Radon probability measure Py, on Qg, such
that, if f is a bounded measurable function on Qy, which depends only on the first
n coordinates x1,...,xy, then

/Q J@)dPu@) = 3 DO (@) f(an,. . o). (5.23)

r™(zn)=z0

Theorem 5.12. Let (X,B), r: X — X and V: X — [0,00) be as above. Let o
be a measure on (X,B) with the fixed-point property (5.18). Let A: X — [0,1] be
the function associated to V and po as in Theorem 5.9, and let [i be the unique
V -quasi-invariant measure on X (r) with

p‘ © 90_1 = Mo,
as in Theorem 5.10. For A define the measures Py, as in Proposition 5.11. Then,
for all bounded measurable functions f on Xoo(r),

/Xoc(r) Jdp= /X /ﬂwo f(xo,w) Py (w) dpo (o). (5.24)

Hausdorff measure and wavelet bases. In this problem we propose wavelet bases in
the context of Hausdorff measure of fractional dimension between 0 and 1. While
our fractal wavelet theory has points of similarity that it shares with the standard
case of Lebesgue measure on the line, there are also sharp contrasts.

It is well known that the Hilbert spaces L?(RR) has a rich family of orthonormal
bases of the following form: ¢, (z) = 27/24(27z — k), j, k € Z, where ¢ is a single
function € L?(R). Take for example Haar’s function ¢ (x) = x;(2z) — xr(2z — 1)
where I = [0, 1] is the unit interval. Let C be the middle-third Cantor set. Then
the corresponding indicator function pc := yc satisfies the scaling identity (see
(2.2)), vc(3) = pc(z) + pc(z — 2).

In [45] we use this as the starting point for a multiresolution construction in
a separable Hilbert space built with Hausdorff measure, and we identify the two
mother functions which define the associated wavelet ONB.

Since both constructions, the first one for the Lebesgue measure, and the
second one for the Hausdorff version (dz)®, arise from scaling and subdivision, it
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seems reasonable to expect multiresolution wavelets also in Hilbert spaces con-
structed on the scaled Hausdorff measures H® which are basic for the kind of
iterated function systems which give Cantor constructions built on scaling and
translations by lattices.
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1. Introduction

The purpose of this paper is to provide a unified account for the first time of a non-
commutative trigonometry which this author initiated in 1966. This noncommu-
tative operator trigonometry involves notions of antieigenvalues and antieigenvec-
tors, terms which I introduced for entities which arise naturally within the theory,
and which carry interest in their own right. Applications of this noncommutative
trigonometry to date include, roughly and chronologically: perturbation of opera-
tor semigroups, positivity of operator products, Markov processes, Rayleigh-Ritz
theory, numerical range, normal operators, convexity theory, minimum residual
and conjugate gradient solvers, Richardson and relaxation schemes, wavelets, do-
main decomposition and multilevel methods, control theory, scattering theory,
preconditioning and condition number theory, statistical estimation and efficiency,
canonical correlations, Bell’s inequalities, quantum spin systems, and quantum
computing. Further development and applications are expected.

The outline of the paper is as follows. In Section 2, we describe the first pe-
riod, 1966-1972, from which all of the key notions came. These were all due to this
author. In Section 3, I describe the second period 1973 to 1993, in which my own
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research interests were mainly elsewhere, but during which two of my Ph.D. stu-
dents, D. Rao and M. Seddighin, made contributions to the theory. In Section 4, I
describe the third and most active period, 1994 to 2005, during which I applied this
noncommutative trigonometry to most of the application areas described above.

The format of the paper will be chronological and historical. It is my belief
that this noncommutative operator trigonometry will eventually become an estab-
lished chapter of linear algebra. Thus, to that end, I want to expose its overall
scope and geometrical content here. For archival purposes I have attempted to list
all of my publications [1-60] on this noncommutative trigonometry to date. Very
few other mathematicians have embraced this theory or contributed to it, but I will
mention some in Section 5. To help the reader’s overall perspective and interest,
I will at times add some commentary, even of a personal nature. Thus the style
of this account will not discriminate between grammatical person, i.e., I, we, one,
this author, and will just use whichever seems appropriate within local context.

Full detail would require writing a book. In fact we have published two books
[26] and [29] which contain significant chapters dealing with this noncommutative
operator trigonometry. But both of those books were written in 1995 and there has
been considerable new development and interesting applications in the ten years
since then. Nonetheless I will often refer to those books when possible to keep the
exposition here within space and time bounds.

Finally, it is my hope that by providing this unified account, I have fostered a
viewpoint which will enable future enlargement of this theory and its applications.
In particular, from time to time I will remind or emphasize that this theory, from
its beginning, has been: noncommutative. Of course it contains the commutative
case, but it is much more valuable for noncommuting operators. To me, operator
theory has always been noncommutative. Operators A and B should always be first
approached as not commuting with each other. In most engineering applications,
there would be no dynamics and the structures would all fall down were their
governing linear systems commutative. In a metaphysical sense, then, I would
like this paper to provide a take-off point into a more abstract conceptual frame
somewhat akin to that of noncommutative geometry. Section 6 contains a few
preliminary results and remarks toward that goal.

2. The first (active) period 1966-1972

In [1], my first published mathematics paper, I contributed to the perturbation
theory of linear operators. One of the important theorems there is one originally
found in Hilbert space independently by T. Kato and F. Rellich. Here is a Banach
space version. Let G(1,0) denote the densely defined infinitesimal generators A
of a contraction semigroup Z; on a Banach space X. Additively perturb A by
a regular perturbation B, i.e., domain D(B) D D(A), which is relatively small:

|Bz|| = al|z|| + b]|Az|| for some b < 1. Then A + B is also in G(1,0), i.e., A+ B
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generates a contraction semigroup, iff A + B is dissipative: Re [(4 + B)z, z] =0
for all z in D(A). Here [y, 2] denotes any semi-inner-product on the Banach space.

I wanted a general multiplicative perturbation theorem and obtained the
following: see [2]-[7] for details and related developments. Let A be a generator in

G(1,0) and let B be bounded on X and strongly accretive: Re [Bz, z] = m||z||?
for all z,;m > 0. Then BA is in G(1,0), i.e., BA generates a contraction semigroup,
iff BA is dissipative: Re [BAz,z] = 0 for all z in D(A).

Thus I arrived in 1966 at the core issue from which the noncommutative
operator trigonometry to be exposed in this paper arose: when is dissipativity
preserved in an operator composition of an accretive operator B with a dissipative
operator A? It occurred to me to try to answer this question in a way similar to
that by which I had proved the rest of the just stated multiplicative perturbation
theorem: reduce it to the Kato—Rellich additive perturbation theorem. Inserting a
free parameter € > 0, which will not alter whether or not e BA is a generator or not,
one writes eBA = A+ (eB—1I)A and one notes that ||(eB—1)Az|| = ||eB—I||||Az|]
implies by the Kato—Rellich Theorem that (eB — I)A is an acceptable additive
perturbation provided that b = ||eB — I|| < 1 for some ¢ > 0. Indeed one finds
that the norm curve ||eB — I|| dips below 1 for an interval (0,¢.) whenever B is
strongly accretive. Applying the same additive decomposition to the multiplicative
perturbation in the semi-inner-product, one finds

Re[eBAx,xz] = Re[eB —I)Ax, z] 4+ Re[Ax, 2]
(2.1)
= [|eB — I||||Azl|||z]| + Re[ Az, ]

from which one obtains the sufficient condition for e BA, hence BA, to be dissipa-
tive:

—-A
min ||eB — I = inf Re[( )x7x]
€>0 w/e'l;%ﬂ || Az ][]

(2.2)

As A being dissipative is the same as — A being accretive, it is easier to repose
the result (2.2) as follows, and for simplicity, let us now just restrict attention to
a Hilbert space X and its usual inner product. Define for accretive A

o (4z)
ui(A) = inf Re =
= 250 R Aol

cos p(A) (2.3)
and let v (B) denote min, ||eB—I|| for accretive B. Then when v (B) = 1 (A), BA
will be accretive. The intuition for calling i (A) a cos¢(A) is rather immediate.
On the other hand, I puzzled on the entity 14 (B) for awhile and decided that it
too must be trigonometric. This I showed in 1968 in [6] by a min-max argument,

see also [11]. The result is that one can define for bounded accretive A and —oo <
€ < oo the entity

1 (4) = mﬁin [leA — I|] =singp(A). (2.4)
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The result of [6] is then: cos? ¢(A) +sin? ¢(A) = 1. This important result gave me
an operator trigonometry.

T emphasize that one does not have this operator (noncommutative) trigonom-
etry until one has sin ¢(A4). One needs both a cosine and a sine to develop a
trigonometry. I also emphasize that although of course these results contain the
commutative cases too, they are not as interesting. See [3], [4], [5] for how com-
mutative situations often become trivial or may be resolved by other means.

Thus from (2.2) the condition for the multiplicative perturbation BA to gen-
erate a contraction semigroup became

sin p(B) = cos ¢(A). (2.5)

However, I was a little disappointed that my theory was now restricting itself
to bounded B (I like unbounded operators). So Gunter Lumer and I extended
results (but not the trigonometry) to include unbounded B [12]. Bruce Calvert
and I obtained results for nonlinear semigroups [13]. Ken-iti Sato and I extended
both additive and multiplicative perturbation results to positivity preserving (e.g.,
real-valued Markov) semigroups [9]. These papers contained no trigonometry.

In [8] Bruno Zwahlen and I showed that all unbounded densely defined ac-
cretive operators A in a Hilbert space, have cos $(A) = 0. This finding, although
of interest in itself in distinguishing unbounded and bounded operators geometri-
cally, really disappointed me because it meant that the perturbation criteria (2.2)
was not useful when the semigroup generator A was unbounded in a Hilbert space.

However, the trigonometry itself seemed interesting, so when invited to the
UCLA Symposium on Inequalities in 1969, see the book of [11], I presented the
main results there. I decided to call pi(A) the first antieigenvalue of A because
it measured the greatest turning angle of A: just the opposite geometrical effect
from that of an eigenvalue, which measures the stretching effect of a vector which
is turned not at all by A. Real antieigenvalues, Imaginary antieigenvalues, Total
antieigenvalues, and Higher antieigenvalues were defined, and the min-max result
cos? ¢(A) + sin® ¢p(A) = 1 exposed. Only mentioned in [11] but not detailed was
the Euler equation

2||Az||?||z]|*(Red)x — ||z||*Re(Az, x) A* Az — ||Az||*Re(Az,z)z =0  (2.6)

which is the functional derivative of (2.3) and which must be satisfied by any first
antieigenvector. This equation is also satisfied by all eigenvectors of A when A is
selfadjoint or normal. Thus (2.6) may be regarded as a significant extension of the
Rayleigh-Ritz variational theory for eigenvalues. For A a symmetric n X n positive
definite matrix, I established that

2v/ A\
= A
i smo)

and that the first antieigenvectors are the pair

A\ 1/2 A 1/2
_ :l: n 2.
T4 <)\1+)\n) $1+<)\1+)\n> Tn (2.8)

An — A1

A =
cos p(A) Y

2.7)
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where A1 is the smallest eigenvalue, with normalized eigenvector x1, and A, is the
largest eigenvalue, with normalized eigenvector x,,.

9 0
0 16
turning angle ¢(A) = 16.2602° and the two antieigenvectors (not normalized here)
zy = (4,3) and x_ = (—4,3).

The papers [1]-[13] constitute the initial period during which I originated
this theory of antieigenvalues and antieigenvectors and operator turning angles.
In retrospect, I was fortunate that my motivating original question, that of mul-
tiplicative perturbation of semigroup generators, brought forth both cos ¢(A) and
sin ¢(A), of necessity. And in that application, the operator compositions BA are
thoroughly noncommutative.

To fix ideas, let A = } , then by (2.7) and (2.8) we have the operator

Commentary. One will notice common ingredients of the important min-max result
[6], [11] proof in my proof [10] of the Toeplitz-Hausdorff Theorem for the convexity
of the numerical range W(A). That is why I include [10] in this list [1]-[60].

3. The second (intermittent) period 1973-1993

A year sabbatical 1971-72 to the Theoretical Physics Institute at the University of
Geneva and the Ecole Polytechnique Fédérale in Lausanne, where the research in-
terests were principally quantum scattering theory and bifurcation theory, respec-
tively, brought to an end my initial contributions to the operator trigonometry.
However, my Ph.D. student Duggirala Rao found a connection to a 1969 paper by
the noted Russian mathematician M.G. Krein. See my survey [25] for more details
about Krein’s work. Also together Rao and I looked at the operator trigonometry
more generally within the context of the numerical range W(AB). From this re-
sulted the 1977 paper [14]. It should be noted that most of the issues dealt with
in that paper are thoroughly noncommutative. In particular, some generalizations
of the sufficient condition (2.5) were obtained. Also the accretivity of the product
T? (admittedly commutative, but for an unbounded operator T') was considered
within the framework of sesquilinear forms. Also I wrote an invited paper [15]
related to [1] in 1983. The main concerns there centered on domains of perturbed
unbounded operators.

Then with Ph.D. student Morteza Seddighin, we extended related 1980 re-
sults of Chandler Davis, with emphasis on the Re and Total antieigenvalue theory
for normal operators. This resulted in the two papers [16] and [18] in 1989 and
1993, respectively. I will elaborate a bit on these developments in Section 5. Re-
cently Seddighin and I returned [59] to this theory and resolved some shortcomings
in [16], [18] and also some incomplete statements in Davis’ analysis. In particular
we completely resolved an issue which I called “possible zero denominators” which
arose from our use of LaGrange multiplier techniques in [16], [18].
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An important event of interest which occurred during this rather inactive (as
concerns the operator trigonometry) period, was an invitation to speak at a con-
ference [17] on convexity in Dubrovnik, Yugoslavia, in June 1990. The organizers
especially asked me to speak about my semigroup and antieigenvalue results from
20 years earlier! This I did. Relately, although not immediately obvious, in 1978
several engineering departments had asked me to offer courses on computational
partial differential equations, especially computational fluid dynamics. This I did,
from 1978 to 1990. One learns working in that field that 70% of supercomputing
time is spent on linear solvers. In particular, in such research I had used some
steepest descent and conjugate gradient scheme computations and had learned of
the basic convergence rate bound

B(apsr) S <1 _ (Afiﬁi’;y) E(zp). (3.1)

Here E(z) is the error ((z — *), A(z — 2*))/2, x* the true solution. This bound
also occurs in a key way in some parts of optimization theory. Immediately from
my operator trigonometric expressions (2.7) I knew that what (3.1) really meant,
geometrically, was trigonometric:

E(zpy1) = sin? ¢(A)E(xy). (3.2)

Although (3.1) was known as a form of the Kantorovich inequality, nowhere in the
numerical nor in the optimization literature did I find this important geometrical
result: that gradient and conjugate gradient convergence rates are fundamentally
trigonometric. That is, they are a direct reflection of the elemental fact of A’s
maximum turning angle ¢(A). The known conjugate gradient convergence rate,
by the way, becomes, trigonometrically written now,

E(z1) = 4(sin p(AY?))?* E(x). (3.3)

See [19] where I published this result (3.3) for conjugate gradient convergence.
And T first announced the steepest descent result (3.2) at the 1990 Dubrovnik
conference [17].

Summarizing, the period 1973-1993 was one of low, almost nonexistent, pri-
ority for the operator trigonometry. Countervailingly, I was very occupied with
learning some computational linear algebra. In addition to a significant number
of publications with four Ph.D. students which I produced in the departments of
Aerospace Engineering, Civil Engineering, Chemical Engineering, and Electrical
Engineering, I had also been asked to be the only mathematician in a seven de-
partment successful attempt to bring a $22 million Optoelectronic Computing Sys-
tems Engineering Research Center to the University of Colorado. I was in charge
of algorithms, especially those to be implemented on a large optoelectronic neural
network. This activity took most of my research time in the interval 1988-1993.

But what I learned from this, essentially engineering, research in this period
1978-1993, accrued to produce later dividends for the operator trigonometry, as I
will discuss in the next Section. Furthermore, I had worked with physicists at the
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Solvay Institute of Professor Ilya Prigogine in Brussels during the period 1978—
2000, and what I learned there also was indirectly of great importance later for
the operator trigonometry, as I will recount later.

Commentary. There are three interesting and related vignettes coming out of the
Dubrovnik meeting in June 1990.

First, as I flew in from Vienna, sitting beside me was a lovely coed of a joint
American—Yugoslavian family, returning from UCLA. She whispered detailed pre-
dictions to me of a coming war, and why. I didn’t know if I should believe her. But
the guards who rather roughly shook us down as we departed the airplane at the
Dubrovnik airport, added credence to her admonitions. This was several months
before the war actually broke out. Where was the U.S. intelligence community?

Second, I knew that my discovery of the fundamental direct trigonometric
meaning of the Kantorovich inequality, viz., as it occurs in (3.1)—(3.3), would
be of general importance. So I intentionally put it into the proceedings of the
Dubrovnik meeting. Then I waited. War broke out. I may have been the only
meeting participant who truly was concerned as to whether the Proceedings would
in fact appear. Somehow, the editors (Caslav Stanojevié and Olga Hadzi¢) did
manage to publish a Proceedings, and hence my contribution [17], out of Novi
Sad, Yugoslavia.

Third, I submitted the paper [19] in 1993, a paper essentially invited by
the organizers of a 1992 numerical range conference to which I had been unable
to go. In the manuscript [19] I cited the paper [17] in the Yugoslavian meeting
Proceedings, and its result. Certainly those proceedings were not very accessible
to the general public. A couple of months later I received a very confidential
fax from a rather secretive-sounding commercial agency, wanting a copy of my
Yugoslavian paper, citing it as such, and offering to pay me a sum ($25 or $65,
I cannot remember) for the paper. I was to send the copy of my paper to the
commercial firm’s address. They said they were getting the paper from me for
some client who was to remain unnamed. This is probably the strangest “preprint
request” I have ever received. In any case, I did not comply.

4. The third (most active) period 1994-2005

Following a disastrous (in my opinion) and illegal (in my opinion) split of our
mathematics department into separate applied mathematics and pure mathematics
in 1990, I had to decide which to join. Caught directly in the middle and with one
foot in each subject, I chose (for moral and legality reasons, in my opinion) to
stay in the pure mathematics department. Within two years it became clear to me
that T had been“closed out” of any future meaningful applied research teams and
applied Ph.D. students and applied grants for work of the kind I described in the
section above. A second happening was the retirement conference here for my very
good friend and matrix theory expert, John Maybee (now deceased). Similar to
the conference volume of LMA in which [19] appeared, a LAA conference volume
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for John was planned. Having just gone back to the operator trigonometry in [17]
and [19], T decided to specialize the operator trigonometry to matrix trigonometry
[22] in the paper for John. Simultaneously there was a retirement volume of LAA
for Chandler Davis, and I put more antieigenvalue theory into that paper [20].
These three papers [19], [20], [22] signalled a return to the operator trigonometry
as a higher priority.

Meanwhile, I presented my new operator-trigonometric results [21] for cer-
tain iterative linear solvers, at a 1994 computational linear algebra conference
here in Colorado. I and my students had presented several multigrid solvers re-
search applied to computational fluid dynamics at these famous Copper Mountain—
Breckenridge numerical conferences earlier in the 1980’s. But my presentation in
1994 received a cold shoulder. My impression was that no one there understood
my theory. This impression has been enhanced, by the way, at some other confer-
ences of the same community. However, I was then invited to the Nijmegen 1996
numerical conference and my results were published there [24], [27].

Moreover, at about the same time I had been invited by Hans Schneider
to contribute to the Wielandt volume [25]. It was Schneider who pointed out
Wielandt’s (partial) operator trigonometry to me, of which I had been unaware.
See my discussion in [25]. Also I had given six invited lectures in Japan in 1995.
These resulted in the 1996 book [23] which then became the wider-distributed
1997 book [29]. Also Duggirala Rao and I had decided in 1990 to write a book on
Numerical Range. That book [26] appeared in 1997. Both of those books contain
accounts of the operator trigonometry. As well, the Encyclopedia [28] sought a
description of antieigenvalue theory.

In summary, due to the (political) defaulting of me out of research sponsored
by the applied mathematics community, plus the welcoming of me by the more
mathematical linear algebra community, I was able to accelerate research on my
operator trigonometry, which became of benefit to both communities! The tran-
sition period is reflected in the publications [19]-[30] from 1994 into 1998. What
are some of the main results?

I have already mentioned in Section 3 above the convergence ratio for steepest
descent and conjugate gradient solvers above, which came earlier. An important
subsequent paper is [27]. There, in particular, I show that the very basic Richardson
scheme, is trigonometric. That had never been realized before. In more detail, the
Richardson iteration can be written as x;11 = x + (b — Azy) and I showed that

Az, x .
Qoptimal = €m = Re<|A;+|—i2_> y  Poptimal = SN (b(A) (41>

where aoptimal 1S the optimal (relaxation) choice and where poptimal is the optimal
convergence rate. In (4.1) €, is the operator-trigonometric value that gives you
sin@(A) in (2.4), and x4 denotes either of A’s antieigenvectors . Beyond this
fundamental albeit basic Richardson scheme, in [27] T also show that the known
convergence rates for the more sophisticated schemes GCR, PCG, Orthomin, CGN,
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CGS, BCG, GM-RES, are all to some extent, operator trigonometric. I also ob-
tained in [27] the first geometrical (read: trigonometric) understandings of the
convergence of the schemes Jacobi, SOR, SSOR, Uzawa, Chebyshev algorithms.

In addition, at the conference of [24], I was introduced to the AMLI (algebraic
multilevel iteration) theory, and I was able to quickly establish connections to my
operator trigonometry. This is reported in [27] and here is a summary. Consider a
nested sequence of finite element meshes

QD1 DD Qy (4.2)

and let Vi, Vo_1,..., Vi, be corresponding finite element spaces for a finite element
method applied to a second order elliptic boundary value problem. In particular,
for a chosen discretization level ¢, let Vi and V5 be finite element subspaces of Vj
such that V1 N'Va = 0. Let a(u,v) be the symmetric positive definite energy inner
product on the Sobolev space H'(Q) corresponding to the given elliptic operator.

Let

a(u,v)
Y= sup 4.3
b, (@(u,v) - afv, )2 )
be the resulting C.B.S. (Cauchy—Bunyakowsky—Schwarz) constant. For hierarchical
finite element basis functions one uses a finite element symmetric-matrix partition-
ing

All A12
A= 4.4
[Azl A22} (44)

which has the property that the spectral radius p(Afll/ZAuA;;/Q) equals the
C.B.S. constant (4.3). In the AMLI schemes one then likes to “precondition” by
D=1 where D is the block diagonal portion of A in (4.4). From these and other
considerations I was able to show the following result: v = sin (D=1 A), and the
AMLI interlevel amplification factors are all fundamentally trigonometric.

In a following paper [36], I worked out many details of the operator trigonom-
etry of these iterative methods for the so-called model problem: the Dirichlet
boundary value problem on the unit square in two dimensions. I refer the reader
to [36] for details. In particular, there is a powerful scheme, especially valuable and
efficient for the numerical solution of parabolic PDE problems but also compet-
itive for elliptic problems, called ADI (alternating-direction-implicit). I was able
to reveal in [36] that a beautiful sequence of operator sub-angles underlies and
explains the dramatic speed-up of ADI when it is employed in its semi-iterative
formulation: the optimizing parameter is allowed to change with each iteration.
Then the convergence rate bounds possess an interesting recursive relationship

(o, 8,29) = d (VaB, “}".q).
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From this [36] one obtains the trigonometric convergence rate bounds

d, 8,1) = sing(4}/?),
1—(cos ¢(Ap))*/?
d(OZ, ﬂ7 2) = 1+ECOS ZEA:§§1/2 ) (45)
_ws?%f);;/;‘
o cos (¢ 2
d(a7ﬂ74) - 1+(uos(i((i:))l/4 ’
cos n)/2)

For the example given in [36], these convergence (error-reduction) rates become
d(1) = 0.268, d(2) = 0.036, d(4) = 0.00065, clearly illustrating the dramatic
speedup of semi-iterative ADI. It should be mentioned that ADI in various guises
still plays a major role in NASA aerodynamic simulation codes.

In the domain decomposition paper [30], I showed that the optimal conver-
gence rate of the additive Schwarz alternating domain decomposition is trigono-
metric: specifically,

p(M STy = sin p(W 12 AW ~1/2), (4.6)

Ooptimal
Here W is a weighting matrix. See [30] for related results. I note here that full
proofs are given in the later paper [50]. It should be mentioned that domain de-
composition methods are explicitly multiscale methods and always of inherent
multilevel philosophy. Thus there are strong links between wavelet methods, mul-
tilevel methods, and multiscale and multigrid computing.

For example, in the wavelet paper [31] I showed that the wavelet reconstruc-
tion algorithm is really the Richardson iteration that I mentioned above. To see
that, let a function z have wavelet frame coefficients {(x,x,)} where {x,} is a
frame basis for the Hilbert space H: there exist positive constants A and B such
that for any = in H

Allz|* =) (@, z0)* = BlJ|. (4.7)
n
The corresponding unique frame operator S = X, (x, x,, )z, is symmetric positive
definite with lower and upper quadratic form bounds A and B, respectively. We
may write Sz = X, (2, x,)x, = F*Fz and this leads to the well known recon-
struction formula

2

T= L BEn<x,xn>:cn + Rz (4.8)
where the error operator R = I — AiBS has norm ||R|| = g;ﬁ < 1. The wavelet
reconstruction algorithm then becomes

2
N+1 _ N _ g, N 4
x x +A+B(S:c Sz). (4.9)

As I showed in [31], this is exactly the old Richardson scheme 2V = 2V +a(b—
SzN) with iteration matrix R, = I — aS, b= Sz, and a = 2/(A + B). From my
earlier computational trigonometric results, this means « is optimal and produces
the optimal convergence rate sin ¢(S). When the frame bounds A and B are sharp,
i.e., A and B are the smallest and largest eigenvalues of S or at least the smallest



Noncommutative Trigonometry 137

and largest values of the spectrum of S, then o = (Sz, 24 )/|[S74||> where
denotes either of the two antieigenvectors x4 of the frame operator S. Note that
in [31] T have also for the first time introduced the operator angle ¢(S) and its
operator trigonometry for arbitrary wavelet frame operators.

I return now to the application of the operator trigonometry to computational
linear algebra, if we may jump ahead here, specifically to [50], with related papers
[55], [56] which I will not discuss here. But [50] is an important numerical paper
which very clearly brings out the noncommutativity inherent in many of these
computational linear algebra considerations. In [50] I obtain further results for
domain decomposition algorithms, multigrid schemes, sparse approximate inverse
methods, SOR (successive overrelaxation), and minimum residual schemes. But I
may emphasize my point about noncommutativity by the results in [50] directed at
preconditioning methods. In short: to solve Az = b for large systems, one tries to
reduce its condition number k = A, /A1 by premultiplying by a B which somehow
resembles A~!. Then one numerically solves BAx = Bb. Some preconditioning
methods allow B to commute with A but generally that will not be the case. For
A and B symmetric positive definite I show in [50] that

r6n>1(r]1 ||l — eBAl||c = sin¢(BA), (4.10)
where C denotes any symmetric positive definite operator for which BA is sym-
metric positive definite in the C inner product (Cz,y). The left side of (4.10) is
an optimal convergence rate which occurs in many preconditioning and multilevel
schemes.

Another interesting result of [50] is that I reveal therein a very rich operator
trigonometry which has heretofore lain unknown but which fundamentally under-
lies SOR schemes. The full implications of this discovery are not yet worked out.
But see the Commentary at the end of this Section.

Returning to the list [1]-[60], let us now turn away from computational linear
algebra. Briefly, in [33] the noncommutative trigonometry is applied to control
theory. However, the control theory community seems still far ahead. The papers
[34], [39] respond to a question of the matrix analysis community. In [38] I clarify
the relationship of my operator angles to other angles defined in terms of the
condition number x. The paper [40] was an invited paper for the Russian audience.
The paper [45] extends the operator trigonometry to arbitrary matrices A.

Next we turn to physics. In [32] I relate multiplicative perturbations and
irreversibility and scattering theory within a framework of the operator trigonom-
etry. The somewhat related papers [35] and [43] will not be discussed here. More
interesting is my rather fundamental finding in 1997 that the Bell inequalities of
quantum mechanics can all be embedded and treated within my operator trigonom-
etry. This finding was first announced in [37] and further developments may be
found in [42], [44], [46], [47], [49], [51], [52], [53], [60]. I think there is too much
there to try to summarize here. I am continuing research on this subject.

I always felt that the operator trigonometry would have useful application to
certain areas of statistics. As a result of my being sent in 1999 two papers from two
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journals dealing with certain criteria for best least squares estimation, to referee, I
saw the connection of the operative trigonometry to statistics and submitted [41]
to one of those journals. To my knowledge, [41] was the first paper to make the
connection, and also the first paper to formulate the notion of antieigenmatrix.
The paper was rejected. But I then published it in [48]. My results, now well
thought of within the statistics community, contain the following. There was a
famous conjecture of the noted mathematical statistician Durbin, which was open
for the twenty-year interval 1955-1975. The conjecture was that the so-called least
squares (relative) efficiency (see [48] for details)

. |Covpr| 1

RE(B) = = 411
) | Cov 3] | X'VX||X'V-LX]| ( )
of estimators, should have (sharp) lower bound
p
. AN
RE(8) =[] Aidnsia (4.12)

Py (N + A—ig1)?

where the \’s are the eigenvalues of the covariance matrix V. In (4.11) the g*
is the best possible estimator and X is an n X p regression design matrix. Co-
incidentally, T had recently [45] extended my operator trigonometry to arbitrary
matrices and also in [45] I stressed (also earlier, in [22]) the alternate definition of
higher antieigenvalues and their corresponding higher antieigenvectors as defined
combinatorially in accordance with (2.7) but with successively smaller operator
turning angles now defined by corresponding pairs of eigenvectors. This is in my
opinion better than my original formulation [11] which was more in analogy with
the Rayleigh—Ritz philosophy. In any case, it follows readily that the geometric
meaning of statistical efficiency (4.12) then becomes clear:

RE(j3) H cos? ¢ (V). (4.13)

It is that of operator turning angles.

Other intimate connections between statistical efficiency, statistical estima-
tion, and canonical correlations may be found in [41], [48]. For example, Lagrange
multiplier techniques used in statistics lead to equations for columns z; of the
regression design matrices X to satisfy

VZI'Z' + xX;
Vap, i) (Vlag,x)
I call this equation the Inefficiency Equation. In the antieigenvalue theory, the
Euler equation (2.6) becomes in the case when A is symmetric positive definite,

A2g 2Ax
— =0. 4.15
(A%2z,2)  (Az,x) T (4.15)
The combined result is the following [41], [48]. All eigenvectors z; satisfy both the
Inefficiency Equation and the Euler Equation. The only other (normalized) vectors

=2V, i=1,...,p. (4.14)
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satisfying the Inefficiency Equation are the “inefficiency vectors” (my notation)

; 1 1
=+ w4+ (4.16)

V2 V2

The only other vectors satisfying the Euler equation are the antieigenvectors

/ Ak 1/2 A 1/2
xfi(xh\k) xj+ /\-+JAk Ty (4.17)
J J

Further recent results along these lines may be found in [48] and [58].

To conclude this section’s account, I returned [57] to some unfinished business
from [11] and brought results of G. Strang on Jordan products and J. Stampfli on
derivations into the operator trigonometry.

Commentary. The one paper in the list [1]-[60] to which I have not yet referred
is [54], a short three page summary of a paper I presented to the computational
linear algebra community at a nice conference in Napa, California in October
2003. In particular, and with respect to my comment above about a rich operator
trigonometry underlying the SOR algorithm (which is still a good algorithm, by
the way), I had found from an entirely different direction the following result.
If one factors an arbitrary invertible n x n matrix A into its polar representation
A = QH where (@ is unitary and H is Hermitian, then one may define the absolute
condition number C(H) as follows:

C(H)=lm sup I1H(A) - H(A+ AA)HF. (4.18)
6—=0 A gcprnxn 4
l1aA[=s

In (4.18) the F' denotes the Frobenius norm (X|a;;|?)'/? of a matrix. It is recently
known (see the next section) that C'(H) has the exact value

2/2(1 4+ K2(ANY? /(1 + k(A)) (4.19)

where here k denotes the condition number o1/, where oy Z...2 o, are the
singular values of A, i.e., the positive eigenvalues of H. It is relatively straight
forward to see that the operator trigonometric meaning of this condition number
expression is exactly
C?*(H) =1+ sin? ¢(H). (4.20)

From this one sees immediately that the geometrical content of the absolute con-
dition number (4.18) is entirely trigonometric. It is all a matter of how far H can
turn a vector.

A number of other interesting relationships are found in the full paper which
I announced in [54]. One is the following connection to SOR. Here I assume the
additional conditions on A needed by the SOR theory have been met. Then one
obtains, using results from [50], that

C%(H) = wi9R(H?) (4.21)

where wy, is the optimal relaxation parameter for SOR.
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Apparently this full paper from [54] is too theoretical for the computational
linear algebra community and it rests, so far, unpublished. Perhaps the most in-
teresting result from my analysis therein concerns the notion of antieigenmatrix, a
concept I first introduced in the statistics paper [41]. Therefore, in Section 6 here
I will construct an antieigenmatrix which achieves the C(H) limit in (4.18), i.e.,
which attains the bounds (4.19) and (4.20).

5. Related work: Discussion

I have already mentioned above the early independent work of M.G. Krein [61] and
Wielandt [62], both of whom however failed to see the important entity min, ||eA—
I|| and thus missed sin ¢(A) and thus were not led to an operator trigonometry.
My 1968 min-max theorem [6] was extended in 1971 by Asplund and Ptak [63] and
because of their result (general failure of the min-max theorem for Banach spaces),
I did not further pursue the Banach space context, even though I had mentioned
it in 1969, see [11], p. 116. Later congenial discussions with V. Ptak confirmed
to me that he did not know of my 1968 publication [6], but I had intimately
discussed my min-max result with E. Asplund, who was quite excited about it,
at the 1969 UCLA meetings from which finally came the 1972 book in which my
antieigenvalues paper [11] appeared. In 1971 P. Hess [64] extended our result [8]
that cos $(A) = 0 for unbounded accretive operators. As we observed in [16], that
need no longer be the case in certain Banach spaces.

But my first encounter with really relevant outside interest in my operator
trigonometry theory came from Chandler Davis [65] who invited me to Toronto in
1981 to discuss the subject. Through Davis I also learned of the results by Mirman
[66] for the calculation of antieigenvalues. I also learned for the first time that in
my 1960’s work I had rediscovered Kantorovich’s inequality [67]. However, as I
have emphasized elsewhere in this account: no-one, including Kantorovich, had
seen the natural operator angle which I had found in my equivalent formulations
of the inequality. As mentioned earlier, the reader may see [20] for further rela-
tionships to Davis’ theory of shells of Hilbert space operators. For a recent survey
of many inequalities as they relate to Kantorovich’s inequality and to other issues
in statistics, see [68].

Following my 1999 paper [41], which first established the connection between
my operator trigonometry and statistics, and which circulated but was rejected by
the journal Metrika but which I then successfully published in 2002 in [48], and
perhaps due to the authors of [68] including in their widely circulated 1999 drafts
of [68] some explicit mention of my antieigenvalue theory, Khatree [69], [70], [71]
published three papers somewhat parallel to [41], [48] but more from the statistics
viewpoint. There had also been a little earlier interest in my antieigenvalue theory
by mathematicians in India, see [72]. At the 14th IWMS Conference in Auckland in
March 2005, I enjoyed thoroughly agreeable discussions with the noted mathemat-
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ical statistician C.R. Rao, who has fully embraced [73] my operator trigonometry
as it applies to various considerations in statistics.

The same cannot be said of the computational linear algebra community.
When 1 first presented my application of the operator trigonometry to conver-
gence rates for iterative linear solvers at the Colorado Conference on Iterative
Methods at Breckenridge, Colorado in April 1994, a colleague from Texas who
knew and appreciated some of my earlier work [74] on finite element methods,
quietly took me aside and gave me his opinion that no-one there would under-
stand nor appreciate this noncommutative operator trigonometry as it applied to
their matrices. Indeed, my full paper [21] was rejected by a STAM journal from the
conference. I then published my results in [24] and [27]. At the 1996 conference
of [24] a very well known computational linear algebraist from Germany at my
presentation asked me “but can you produce a better algorithm?” Someone else,
more supportive, later pointed out to me that my questioner, although a great
authority and author of several excellent books on computational linear algebra,
had never himself “produced a better algorithm.” Nevertheless, I do respect that
viewpoint in that field of scientific endeavor: producing a better algorithm is the
name of the game. It is more important than a better theory, which in my opinion,
I have indeed produced.

So to my knowledge, I know of no work on this noncommutative trigonometry
by others within the computational matrix algebra community. However, some,
e.g., Martin Gutknecht in Zurich and Owe Axelsson in Nijmegen and Michele Benzi
in Atlanta, among others, are genuinely appreciative of the theoretical contribution
my geometrical viewpoint makes to the overall theory of iterative and multilevel
methods. Some day, one of us may use this noncommutative matrix trigonometry
to produce a faster or more accurate algorithm.

Within the quantum mechanics community, there has been great interest in
my successful embedding of much of the Bell inequality theory into my noncommu-
tative trigonometry. This has been clearly evidenced when I presented my recent
results at many top-level conferences on the foundations of quantum mechanics
in Europe and in the USA. However, to my knowledge, no-one and no group has
pushed my results further. One reason for that is there are so many other important
issues surrounding and related to Bell’s inequalities and the foundations of quan-
tum mechanics that must also be dealt with, many of an endlessly confounding
and mysterious nature. Concerning the partial application of the noncommutative
trigonometry to quantum computing I outlined in [46], more work needs to be
done.

M. Seddighin has recently returned to the Re and Total antieigenvalue theory
and has advanced our results of [16], [18] in his papers [75], [76], [77]. Our recent
joint paper [59] grew out of those investigations. However it remains my feeling
that one needs a better theory for arbitrary matrices than that provided by my
original 1969 formulation of Real, Imaginary, and Total antieigenvalues.

When working on the optoelectronic neural networks, in 1992 my Ph.D. stu-
dent Shelly Goggin and I implemented an angular version of the famous machine
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learning algorithm called Backpropagation. We called our algorithm Angleprop
and a brief summary of the simulations may be found in [78].

The C(H) result (4.19) referred to in the previous section is in [79]. I will
come back to this in the next section.

Generally I cannot cite full literature here, which must be obtained from each
paper and each area of application. One of the original treatments and still a good
book for the ADI and other iterative algorithms is that of Varga [80]. However,
the computational linear algebra literature has exploded in the last thirty years
due to the availability of large scale computing. Of course the statistics literature
and the quantum mechanics literature are also enormous.

Our interest in wavelets actually began with the stochastic processes paper
[81], from which we developed a theory of Time operators. From our formulation
of a Time operator for Kolmogorov Systems, I. Antoniou and I saw in 1991 that
wavelets were wandering vectors: this discovery is documented in our NATO pro-
posal [82]. T mention this here because at about the same time, others, e.g., see [83],
also noticed this fact. For us it was natural from the beginning, because we were at
that time working with the Sz. Nagy—Foias dilation theory [84], where wandering
vectors occur on page 1. However, due to a number of more immediate tasks, we
did not get around to publishing our results on wavelets until the papers [85], [86],
[87], [88], although I did mention our results in the earlier books [23], [29].

In particular, we showed that every wavelet multisolution analysis (MRA)
has naturally associated to it a Time operator T' whose age eigenstates are the
wavelet detail subspaces W,. The natural setting of the Haar’s wavelet is that
of an eigenbasis canonically conjugate to the Haar detail refinement. The Time
operator of the wavelet may be regarded as a (position) multiplication operator,
equivalent under appropriate transform to a first order (momentum) differential
operator.

Commentary. As concerns the resistance I sometimes encounter when bringing my
operator trigonometry into a new domain of endeavor, I remember a discussion
I once had with the late and renowned physicist (e.g., see [89]) Joseph Jauch in
Switzerland in 1972. He mused that the influential mathematician Paul Halmos
possessed and practiced a clever tactic: apply the same key insight or philosoph-
ical viewpoint to a variety of situations. As a result, no one could really beat
Halmos at his game. There may be some parallel in the way in which the operator
trigonometry has been developed.

6. Noncommutative trigonometry: Outlook

After I returned to this noncommutative operator trigonometry about a dozen
years ago, the circumstances more or less described in Section 4, it became clear
to me that it possessed the joint potentials for both further application and further
theoretical development. During these last dozen years in which I have been able
to develop these joint potentials, it has become clear to me that I cannot do it all
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myself. Toward the future enlargement of this theory and its applications, in the
following three subsections I will indicate three fruitful future directions: Operator
Algebras, Multiscale System Theory, and Quantum Mechanics.

6.1. Extensions to matrix and operator algebras

First, I would like to prove the result [90] announced in [54], and described in the
commentary at the end of Section 4, heretofore unpublished, that an antieigenma-
trix can be found which attains the maximum turning which we now understand
(4.18) to mean. The notion of antieigenmatrix was first, to my knowledge, pre-
sented in my 1999 preprint [41]. However, it must be said the statisticians had
already implicitly for many years had such antieigenmatrices lurking within their
inequalities, although they did not see the geometry, hence they could not see
the concept. Perhaps elsewhere I will try to elaborate all the places where such
antieigenmatrices were already implicitly hiding in statistics.

In any case, to construct an antieigenmatrix for (4.18), I will follow here very
closely and use the analysis of [79], where (4.19) was shown. The reader will need
to consult [79] carefully to check all entities that I will use now.

There are two key steps in the proof in [79]. First it is shown that C(H) =
||H'(A)||r where H'(A) is the Fréchet derivative. From this it follows by use of
the implicit function theorem that in a neighborhood of A one has

H'(A)AA =AH=VEKVT

(6.1)
=V([20B+TToBT)VT
where 'y = [0;/(0; + 0j)], B = UAAV, A has singular value decomposition
A=UxVT H =VXVT, and where o denotes Hadamard product. The second
key step, [79] Appendix, is to show that from considerations involving the structure
of I'y and FQT, one has

C(H) = [|[H'(A)llr = max)pj=1|T20B+T3 o BT||F

1+ (oi/05)?

(6.2)
= \/2 maX;<; 140i/0;

from which the condition number bound (4.19) follows.

We may now connect to the dynamics of the operator trigonometry by seeking
a A A which represents a maximal turning in the sense of the operator trigonometry
and which attains the absolute condition number C(H) of A. In other words,
we seek an ‘antieigenmatrix’. The Frobenius norm being unitarily invariant and
recalling that AA = UTBVT it is easier to work with B as seen from (6.1) above.
The following shows that C'(H) is exactly caused by such a sought maximal turning
antieigenmatrix.
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Proposition 6.1. The absolute condition number C(H) of the absolute factor H of
the matriz A = QH is attained by

0 0 (s3 02/

B=|: : (6.3)
0 0
(342172 0 0

Proof. Following [79] and from (4.18) and (6.1), one has

C(H)=||H (A)||r = sup ||H'(A)AA||r= sup |[[2Re(T20 B)||r. (6.4)
[[AAllF=1 [|B||F=1

However, rather than use the Hadamard product I'; o B formulation, we prefer
to directly maximize ||K||F from (6.1). Recall that K = VTAHV = [k;;] where
kij = (0:bij + 0jbji)/(0s + 0;). The way we wish to think is the following: AA
running through all directions is the same as B running through all directions from
which we may look at all resulting symmetric K within which the data (the given
matrix A’s singular values) is already incorporated. First suppose B is symmetric.
Then k;; = b;; and ||AH||r = ||K||r = ||B||r = 1 so such B are not interesting. A
little thought and experimentation then led to the candidate B of (6.3). Consider
first the 2 x 2 case and the matrix

bi1 o1b12+02b21
K= ovtor | (6.5)

o2b21+01b12

o2to1 b22

We wish to maximize the expression

2(o1b12 + o2b91)?

b3, + b3y +
11 22 (0_1 +0_2)2

(6.6)

subject to the constraint
by + by + by + b3, = 1. (6.7)
We may take b%l = b%Q = 0 and letting = b1 and y = by; we may maximize the
expression f(z) = o1z 4 02(1 — 22)Y/2, from which
K _ 1
(1—1—/@2)1/2’ y= (1+/12)1/2

where k = 01/ (K(A) in the notation of [79]) is the condition number of A.
From (6.6) and (6.8) we have

(6.8)

2 (o164 02)*  2(0F +03)

K% = =
H HF (01 + 0'2)2 1+ K2 (0'1 +O’2)2

=C*(H). (6.9)

The n x n situation is the same (choose all b;; = 0 except by, and by1 as given in
(6.3)). Thus B of (6.3) enables K hence AA to attain C(H). O
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We may obtain a deeper geometrical clarification as follows.

Corollary 6.2. With the B of (6.3), the matriz K has turning angle ¢(H?) on the
antieigenvectors x4 of H?.

Proof. We recall (2.8) that the (normalized) antieigenvectors of H?, i.e., those
vectors most turned by H?, are

— g On
T2 = Foronyan b (i)

(6.10)
2)1/2 (iala Oa e 7Oa Un)T

_ 1
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where z1 and x, are the eigenvectors corresponding to o1 and o, respectively.
Noting that K is the symmetric matrix with all k;; = 0 except for

b=k = QEon _(eiro (6.11)
1in nl (1 + I€2)1/2(O'1 + O’n) (01 + O’n) .
and since ||z+|| = 1, we find
(Kora) 20000t +02) Ploto)™ _ dme, o
IKzi[llla ]l (of +0f)2(or+0n)t  of+o} '
which is (see (2.7)) exactly cos ¢(H?). For z_ it is the same. O

Thus K, although not a positive definite matrix, nonetheless turns the anti-
eigenvectors r4 of H? = A*A in the same (maximal) way that H? does, and this
is what causes B, which is constructed from H? antieigenvectors, to attain C'(H).

A more complete presentation [90] of this attainment of C(H) by antieigen-
matrices, and related considerations, will hopefully be published elsewhere. A nat-
ural remaining question is: characterize all of the antieigenmatrices which achieve
the maximum turning angle.

But beyond presenting these results here which are new, we see that we have
illustrated that the noncommutative operator trigonometry can be extended from
geometrical action on vectors to geometrical action on matrices. In other words,
in the future, hopefully to algebras of operators. If possible, it will be desirable to
keep Hilbert space structures in the formulation, for trigonometry to be most nat-
ural needs a Euclidean geometry. The use of the Frobenius norm does do this since
it has an inner product tr(AB*). On the other hand, the Frobenius norm is not an
induced norm and ||I|| = /n means that the key entity (2.4) will have to be mod-
ified. These are preliminary, tentative thoughts only, as also will be the following.

Much of C* and W* algebra tries to use commutativity when possible, if not,
then commutators, if not, then commutants, or centers. But even when matrices
or operators do not commute, one has the often times very useful fact that the
spectra o(AB) and o(BA) are the same (for invertible operators, and differing
only by +0 in the general case). This fact should somehow be regarded as a key
invariant in future noncommutative trigonometries. This is a vague statement. But
for example, when A and B are positive selfadjoint operators, and do not commute,
then BA is not even normal, yet 0(BA) is real and just from this spectrum one can
define some parts of a (noncommutative) operator trigonometry. Then (e.g., see
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[55]) one can find a whole family of positive selfadjoint operators C' for which BA
becomes positive selfadjoint in the C' inner product. In this latter situation, we have
a very comfortable, intuitive operator trigonometry, resembling the original one.

6.2. Multiscale system theory, wavelets, iterative methods

As is well known and as I mentioned in Section 4, there are strong links between
wavelet methods, multilevel numerical methods, and multigrid and multiscale com-
puting. I would like to elaborate that theme here. In particular, I want to advance
the notion that Iterative methods should be added to this list, or at least placed
into strong conjunction with these topics.

As T described in Section 4, at the Jackson, Wyoming Iterative Methods
conference in 1997 (reported in [31]), I showed that the wavelet reconstruction
algorithm, which had been developed independently by the wavelet community,
was just the classical Richardson Iterative method. That method goes back to 1910
[91]. Now, in addition we know [31] the optimal wavelet reconstruction algorithm
convergence rate to be operator trigonometric: sin ¢(S), where S is the frame
operator. So wavelet reconstruction is both iterative and trigonometric.

Domain decomposition methods and multigrid numerical methods are clearly
important multiscale methods. However, until the important analysis of Griebel
and Oswald [92], it was not known that domain decomposition and multigrid
methods could be placed within the context of Jacobi iterative methods. Because
my operator trigonometric analysis applies to Jacobi methods, I could then place
domain decomposition and multigrid methods into the noncommutative trigonom-
etry. For more details see [30, 50].

The dramatic convergence improvements of the ADI semi-iterative methods
described in Section 4 are clearly multiscale. So therefore are the underlying in-
trinsic noncommutative trigonometric subangles [36]. I should mention that to my
knowledge, there is not yet a full theoretical understanding of the very important
ADI schemes and their later derivatives. You can see the difficulties from the excel-
lent early analysis of Varga [80]. You can see that only a commutative situation is
easily analyzed. There is a very interesting noncommutative trigonometry of ADI
waiting to be understood. The same can be said for the important SOR method
combined with iterative refinement on a sequence of grids, see the preliminary
discussion and results in [50].

For the PDE Dirichlet—Poisson model problem, a grid noncommutative trigo-
nometry was worked out in [36]. The discretized operator A, had turning angle
¢(Ap) = m/2 — wh, where h is the grid size. One will find in [36] also a discussion
of how an operator mesh trigonometry shows that the performance of an iterative
method on a grid of mesh size h depends upon the operator trigonometry on the
finer mesh size h/2. This phenomenon is an aspect of interesting general identities
within the operator trigonometry. For example [27],

sin ¢(A)

sinp(AY/?) = 1+ cos $(A) (6.13)
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for symmetric positive definite matrices A. Such power-of-two refinement relations
are reminiscent of those of the dilations in wavelet multiresolutions. Another such
scale relation from [90] is inherent in the absolute condition number C(H) dis-
cussed in Section 6.1 above:

9 2sing(H)
C*(H) = sin G(H?) " (6.14)
To date I have only cared about such identities as they relate to specific theoretical
or numerical applications.

A general theme could be stated philosophically as follows. All multiscale,
multigrid, wavelet theories and behaviors are inherently spectral. So is my oper-
ator trigonometry of antieigenvalues and antieigenvectors. Eigenvalues take you
from largest to smallest scale in your model. Instead of a vibration or numerical
grid based range of scales, which correspond to an eigenvalue spectral decomposi-
tion, the antieigenvalues and antieigenvectors correspond to physical or numerical
turning angle scales.

Turning to another subject, our theory of wavelets as stochastic processes [23,
29, 82, 85, 86, 87, 88] is inherently multiscale, but in quite a different sense. The
stochastic processes and Kolmogorov dynamical systems may be seen as based
upon a sequence of increasing o-algebras of increasingly rich underlying event
spaces. These are sometimes called filtrations in the stochastic literature, e.g., see
[93], [94]. This type of stochastic event-multiscale is related to coarse-graining in
statistical physics, and to conditional expectations in general. The Time operator
of wavelets which we obtained [82,88], although motivated by mixing processes, is
very much spectral. See my analysis in the recent paper [95], where I take it all
back to a cyclic vector.

Our approach to wavelets in the above mentioned papers, although originally
motivated by our work in statistical mechanics, can also be described as that
of “representation-free theory of shifts,” e.g., the Bernoulli shifts of dynamical
systems theory being just one representation. In retrospect and as now connected
to wavelet multiresolutions, we dealt first with the shift V' (the dilation in wavelets)
via its wandering subspaces W,,, before dealing with the translations. This enabled
our getting the Time operator of wavelets. The conventional wavelet theory does
not do that. Following our approach, Kubrusly and Levan [96], [97] showed that
with respect to an orthonormal wavelet ¢ € £2(R), any f € £*(R) is the sum of
its layers of detail over all time shifts. This contrasts with the conventional wavelet
view of f as the sum of its layers over all scales. Thus one may write

F@) =D o mn)mn(@) =Y > (f, Ymn) Pmon- (6.15)

I could describe this result as a kind of Fubini theorem, holding in the absence
of the usual assumptions of absolute summability. More such results are to be
expected from our point of view [87] of wavelets.
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6.3. Quantum mechanics

Much of the current interest (and funding) for research on multiscale theory is
the need in engineering applications to bring quantum mechanical effects into
the modelling which has heretofore been only classical. I know this from many
annecdotal conversations with my engineering colleagues. The applications range
from chip design to aerodynamics. Each of those applications is a subject unto
itself and will not be dealt with here. The considerations and needs are usually
both physical and numerical.

Instead, I want to address quantum mechanics at a more fundamental level.
As I mentioned briefly in Section 4, in [37, 42, 44, 46, 47, 49, 51, 52, 53, 60] I have
found fundamental connections of the noncommutative trigonometry to quantum
mechanics. There is too much in those papers to fully describe here, but let me
at least delineate the issues and papers for bibliographical sake. Then I want to
announce a new result here.

In [37, 42, 44, 47, 51, 52, 53] I was able to place the celebrated Bell in-
equality theory into the context of the noncommutative trigonometry. This was
a completely new contribution to the foundations of physics. In particular, from
my viewpoint, one cannot argue ‘nonlocality’ on the basis of violation of Bell’s
inequalities. See the papers for more details.

In [46] I develop preliminary aspects of the noncommutative trigonometry
for quantum computing. To treat the unitary operators one encounters there,
it becomes clear that I need a better complex-valued noncommutative operator
trigonometry. That is to say, the general operator trigonometry which I developed
in [45] for arbitrary operators A, by writing them in polar form A = U|A| and
then defining an operator trigonometry for them in terms of the known operator
trigonometry for |Al, is not sufficient. Granted, quantum mechanics fundamentals
often ignore phase when dealing just with probabilities. But for quantum comput-
ing, one cannot ignore phase.

In [49] I connect the noncommutative trigonometry to elementary particle
physics. In particular, I showed that CP violation may be seen as a certain slightly
unequal weighting of the CP antieigenvectors. The setting is that of Kaon sys-
tems and the decay of neutral mesons into charged pions. In particular, I showed
that CP eigenstates are strangeness total antieigenvectors. CP violation is seen as
antieigenvector-breaking.

Finally, I wish to turn to the famous quantum Zeno’s paradox [98]. I was
involved in its initial formulations in 1974 and a summary of the state of affairs
may be found in [60], see also [99]. Mathematically and briefly, one is confronted
with questions of the existence and nature of operator limits such as

s- lim (Ee p)" (6.16)

n—oo
where (roughly) E is (for example) a projection operator corresponding to a phys-
ical measuring apparatus, and H is a quantum mechanical Hamiltonian governing
a wave packet evolution. When E is in the spectral family of H, i.e., when E
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and H commute, all the issues are trivial, or otherwise may be dealt with in
straightforward fashion. But in the physically interesting case when F and H do
not commute, very interesting mathematical unbounded operator domain ques-
tions arise. Several enlightened physicists pushed me to return to these issues. A
clarification, essentially known to me in 1974 but not published, is the following
[60,99].

Lemma 6.3. Let H be an unbounded selfadjoint operator and let EE be an orthogonal
projection. Then the domain D(HE) is dense iff EH is closeable. In that case,

(HE)* = EH > EH (6.17)

is defined, with domain at least as large as D(H). Generally (EHE)* = EHE
whenever EH is closeable. Furthermore the polar factors satisfy

|EH| = (HE*H)Y?, |HE|> (EH?E)Y/? (6.18)
Here HE?H denotes (EH)*EH.

Most of the recent papers by physicists on the Zeno issues, theory, and ap-
plications, fail to understand these unbounded noncommutative operator consid-
erations. The critical rigor is not seen or at best is just glossed over or ignored.
Another approach, that of Misra and Sudarshan originally [98], was to go to the
Heisenberg picture and only work with the density matrix (bounded operators).
Even there one eventually must assume operator limits such as (6.16).

Recently, in pondering some of these Bell, Zeno, or other related issues in
the foundations of quantum mechanics, I found [100] the following operator theo-
retic characterization of quantum mechanical reversibility in terms of what I shall
call domain regularity preservation. I have never seen this theorem elsewhere. I
believe it to be fundamental to the understanding of quantum probability in the
Schrodinger picture. I include it here because I see it as truly multiscale.

Theorem 6.4. A unitary group Uy necessarily exactly preserves its infinitesimal
generator’s domain D(H). That is, Uy maps D(H) one to one onto itself, at every
mstant —oo <t < oo.

The proof of Theorem 6.4 is not hard (I give two proofs in [100]) and the
result is quite evident, once one sees it. Its application to quantum mechanics is
dramatic: a quantum mechanical evolution must at all times be able to simulta-
neously account for each wave function probability upon which the Hamiltonian
can act before one is entitled to draw any conclusions about the overall evolving
probabilities. Not one probability can be lost.

A converse is the following [100]. Let Z; be a contraction semigroup on a
Hilbert space H such that Z; maps D(A) one to one onto D(A). Here A is the
infinitesimal generator of the semigroup Z;. Then Z; on the graph Hilbert space
‘H 4 can be extended to a group Z_; = Z[l

What Theorem 6.4 means is that in unitary quantum mechanical evolutions,
one cannot lose any of the totality of detail embodied in the totality of wave
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functions ¢ in D(H). It is quite interesting to think about how much ‘mixing
around’ of the D(H) probabilities the evolution can do. That is a multiscale and
even interscale concept.
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Abstract. The concept of a stationary random field can be extended from
the classical situation to a more general set up by letting the time parameter
run through groups, homogeneous spaces or hypergroups. In the present ex-
position the author is concerned with spectral representations for stationary
random fields over these algebraic-topological structures.
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1. Introduction

Stationary random fields over trees and buildings can be efficiently studied by
looking at the algebraic-topological structure of such configurations. In their work
[10] of 1989 R. Lasser and M. Leitner introduced the notion of stationary random
fields over a commutative hypergroup, in particular over a double coset space G/ H
arising from a Gelfand pair (G, H) consisting of a locally compact group G and a
compact subgroup H of G. These authors put emphasis on some statistical prob-
lems, in particular on the estimation of the mean of stationary random sequences.
Much earlier the hypergroup approach to stationary random functions over homo-
geneous spaces of the form G/H had been of significant interest to probabilists. A
broad discussion of the theory in the case that G/H admits a Riemannian structure
can be found in the paper [9] of R. Gangolli published in 1967. The first attempt
to deal with stationary random functions over discrete homogeneous spaces G/ H
which appear as graphs or buildings goes back to J.P. Arnaud and G. Letac [3]
who in 1984 gave a Karhunen representation in the case of a homogeneous tree. It
is the aim of the present exposition to compare the approaches to stationary ran-
dom fields over the discrete spaces G//H and G/H and to pinpoint the technical
differences in obtaining Karhunen-type representations.
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In Chapter 1 we recapitulate the basics on second-order random fields leading
to the classical Karhunen representation. Chapter 2 is devoted to stationary ran-
dom fields over graphs and their corresponding polynomial hypergroups. Arnaud’s
Karhunen isometry contained in his work [2] of 1994 is considered to supplement
section 8.2 of the monograph [4].

For the notation applied one observes that Z, R denote the sets of integers
and reals respectively. For a measurable space (F,€), M(E) = M(FE, €) stands
for the set of measures on (E, &), e, denoting the Dirac measure in z € FE.
As usual L%(E, €, p) symbolizes the space of p-square integrable functions on
(E,€) with values in K = C or R. Occasionally ¢ will be chosen to be the
Borel-o-algebra B(F) of a topological space E. For such F,C(FE) is the space of
continuous functions on E. The upper b and the lower + attached to M and C
refer to boundedness and positivity respectively.

2. Second-order random fields

2.1. Basic notions

A stochastic process (Q, A,P,{X(t) : t € T}) on a probability space (£, 2A,P)
with parameter set 7' and state space C is called a (second-order) random field
over T if X(t) € LZ(2, A, P) for every t € T. In the sequel we shall view such a
process as a mapping ¢t — X (t) from T into the space LZ({, 2, P). Along with a
random field X over T we define its mean function

t — m(t) := E(X(¢))
and covariance kernel
(s,t) — C(s,t) : = C(X(s),X(t))
= E[(X(s) — m(s))(X(t) — m(t))]
on T and T x T respectively. A random field X over T is said to be centered
provided m = 0.

Given a random field X over T one notes that its covariance kernel C' is a
positive form on T x T in the sense that

(a) C(t,s) = C(s,t) for all (s,t) € T and
(b) for each n > 1,(t1,...,t,) € T™ and (cyq,...,c,) € C™,

n
Z CiCj C(ti,tj) Z 0.
hi=1

It is one of the first significant facts in the theory of random fields that given
functions m : T — Rand C : T x T — R such that for every n > 1 and
every (t1,...,t,) € T™ the matrix (C(t;,t;))i, j=1,...,n is symmetric and positive,
there exists a Gaussian process (2, 2, P, {X (¢) : ¢t € T}) whose finite-dimensional
distribution P(x(¢,),..., x(¢,)) i the normal distribution

N((m(t:))i=1,...,n,(C(ti, )i, j=1,...n)  (forn > 1).
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2.2. Spatial random fields with orthogonal increments

Let (E, €, 1) denote a o-finite measure space. We consider the parameter set T :
= {A € €& : u(A) < oo}. Then the random field Z over T is called a spatial
random field (over T') with orthogonal increments and base p provided the mapping
A — Z(A) satisfies the following conditions:

(a)
(b)

()

Z(@) = 0.
For AABeT withAnNB =g,

Z(AU B) = Z(A) + Z(B).
For A, B € T we have that
C(2(A), Z(B)) = u(A 1 B).

Z is said to be centered if Z(A) is a centered random variable for all A € T.

Examples of spatial random fields with orthogonal increments

(1)

Spatial Poisson random fields with intensity measure .
They are defined for a given o-finite measure space (F, €, u) and a Markov
kernel Z from a probability space (2, 2, P) to (E, &) as processes

(2, P, {Z(4) : A € T})
with parameter set T = {4 € € : p(A4) < oo} and state space
Zy CR:=RU {—00, + 0}

having the following properties

For each n > 1 and sequences {A4i,...,A4,} of pairwise disjoint sets in
T,{Z(A1),..., Z(A,)} is a sequence of independent random variables.

For each A € T the random variable w — Z(w, A) admits the distribution

_ A)k
Pzcay = M(u(A)) = e+ Z ,u(k !) Ek-
k>0

Spatial Gaussian random fields with independent increments and base (.
They are easily constructed by the method described in Section 2.1. In fact,
given a o-finite measure p on the measurable space (E, &) one observes that
the mapping

(A,B) — C(A,B) := pu(A N B)

from T" x T into R is symmetric and positive and hence that for any n > 1
and any sequence {Ai,..., A,} of pairwise disjoint sets in 7' the matrix
(C(As,45))i,j=1,...,n is symmetric and positive. Then there exists a centered
random field (Q, A, P,{Z(A) : A € T}) with parameter set T := {A €
€ : u(A) < oo} and state space R such that

Pz(an).... z(an)) = N(0,(C(Ai; Aj))i j=1,...,n)-
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Subexamples.
(2.1) For the choices £ := R% ¢ := B(E) and p := d-dimensional
Lebesgue measure one obtains the Brownian field.
(2.1.1) If d = 1, the process (2, A, P,{X(t) : t € Ry}) with X(t) :=
Z([0,¢]) for all t € Ry appears to be Brownian motion in R.
Now, let Z be a spatial random field over T with orthogonal increments and base
w. For f = Z a;la, and g = Z bjlp, in the space V of step functions in

i=1 j=1
L4(E, €, u) we obtain

m n

/fgdu =C Y aiz(4),> b Z(B))

i=1 j=1

Let
HZ := ({Z(A) : A e T}~
denote the Hilbert space generated by the random variables Z(A)(A € T). Clearly,
HZ > {Z a; Z(A;) 1 a;, € CCA € Tyi=1,,...,m;m > 1}.
i=1
From the fact that V=~ = LZ(E, €, p) follows the subsequent
Theorem. There exists a unique isometry
LY(E, € p) — HE

extending the mapping

1a — Z(A) =: Z(1,)
defined on the subset {14 : A € T} of LA(E, €, p).
For every f € Li(E, €, p)

2 = [ faz

is called the stochastic integral of f with respect to Z. Obviously, Z(f) is centered
for f € LA(E, €, p), and

C(2(f). 2(g)) = / Fady

whenever f,g € LA(E, €, p).

Examples of stochastic integrals.

(1) Let Z be a spatial Poisson random field with intensity p. Then the random
field A — Z1(A) := Z(A) — p is centered, and

Z(f) = Z(f) - ulf) = / faz - / fdu

for all f € LA(E, €, p).
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(2) Let Z be a centered spatial Gaussian random field with base p. Then
2(f) € HE,
hence Z(f) is a Gaussian random variable with

Pz = N(O, u(f))
for all f € L2(E, &, u).

2.3. The Karhunen representation

An important result on random fields is their stochastic integral representation
with respect to a spatial random field with orthogonal increments. Our exposition
follows that of D. Ducunha-Castelle and M. Duflo in their book [8] of 1986.

Theorem. Let T be an arbitrary set, and let (E, &, u) be some measure space. For
a given mapping a : T x E — C with a(t,-) € L&(E, €, u) whenever t € T we
define a mapping C : T x T — C by

C(s,t) 1= /Ea(s,x)a(t,x)u(d:c)

for all s,t € T.

Let X be a centered random field over T' with covariance kernel C. Then
there exists a spatial random field A — Z(A) over U := {A € € : pu(A4) < oo}
with orthogonal increments and base p such that

X(t) = /Ea(t,x)Z(-,dx)

for all ¢ € T. Moreover, the following statements are equivalent:
(i) H¥ = HE.
(i) ({a(t.") : t € TY™ = LA(E, €, p).

Remark. The statements of the theorem indicate the general task to be taken up
once one wishes to establish the Karhunen isometry: At first one has to provide
the mapping a satisfying condition (ii); secondly the spatial random field Z has to
be constructed admitting

(s,t) — /Ea(s,x)a(t,x)u(dx)

as its covariance kernel.
The idea of the proof of the theorem admittedly well-known is worthwhile to
be reproduced (from [8]).

B(| X(t) - X(s) %) = /E | a(t,x) — a(s,2) | p(de)

valid for all s,¢ € T implies that a(t,-) = a(s,-) g — a.s. if and only if X(¢) =
X (s) P-—a.s.. Now let K denote the Hilbert space ({a(t,-) : t € T})™ generated
in L2(E, €, u) by the functions a(t,-) (t € T).
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The mapping
a(t,) — X(t)
has a unique extension to an isometry ¢ : K — H(é( .

Assume now that K = LZ(E, €, ). Then 14 € LE(E, €, p) forall A € U.
We put

Z(A) 1= 9¥(1a)

for all A € U and see that A — Z(A) is a spatial random field over U with
orthogonal increments and base y. But then 1 is an isometry from L3(E, €, p)
onto HZ taking 14 into Z(A) for all A € U. From

X@=¢Wn»=[ﬁ@@mww@eﬂ

we conclude that HX C HZ. But Z(A) € HZ, since u(A) < oo for all A € €,
hence Hé( = H(g .
In the case that K E_ L%(E, &, u) we consider the orthogonal decomposition

of K in LA(E, €, u) with
Kt := {alt',):t eT )",

where T/ N T = @. We introduce
C(s,t) := / a(s,x) a(t, z) p(dx)
E

for all s,t € T U T’, with C(s,t) := 0 whenever s € T,t € T', a random field
t — X(t) as a mapping 7" — LZ(Q’,2’,P’) with covariance kernel C restricted
toT' x T', and a random field ¢t — Y'(t) as a mapping

TUT — I2(Q x QA @ AP P)

defined by
W X(DWw) if teT
Y(t)w,w') := { X)W if teT.

Applying the previously discussed case to the random field Y over T U T’
and identifying Y with its projection ¢ — X(t) from T into LZ(Q',2',P’) we
obtain that

X = [ atto)z(.d)
E
whenever ¢t € T'. Here,
HE = LE(E, €, p)
and Hé( = K, hence Hg%HCZ. O
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3. Stationarity of random fields

3.1. Graphs, buildings and their associated polynomial structures

3.1.1. Distance-transitive graphs and Cartier polynomials. Let I' be an infinite
graph which is locally finite in the sense that each vertex admits only finitely
many neighbors. By G := Aut(T") we denote the group of bijections f : ' — T
such that the images of neighbors remain neighbors under f. We assume that

(A) G operates transitively on G, i.e., for s,t € T there exists ¢ € G such that
g(s) = t.
Given 0 (= tg) € I and the stabilizer H := Hj of 0 one obtains a home-
omorphism gH — g(to) from G/H onto I'. It follows that the double coset
space K := G//H can be identified with the set T/ of orbits under the
action of H on I'. On the other hand it is shown that K is a discrete space
admitting a convolution * in M®(K) induced by the convolution in M®(G).
Now we make an additional assumption.

(B) T is distance-transitive, i.e. for the natural distance d in T" defined for s,¢ € T
as the minimal length d(s,t) of paths connecting s and ¢, we require that for
all s,t,u,v € ' with d(s,t) = d(u,v) there exists g € G satisfying g(s) = u
and g(t) = v.

It follows that H operates transitively on

.= {t €T :d0) =n}(neZ,).

In fact, every orbit in T'# is given by exactly one I'/. Next one shows that
K := G//H is isomorphic to Z, , and the convolution * in M°(K) carries over to
Mb(Z+) via
Em * En = Z g(m,n,k)sk,
k>0
where the coefficients g(m,n,k) are > 0 (m,n,k € Z). Defining the sequence
(@Qn)n ez, of polynomials on R by

QO = 1a
Qi1(x) = iz + g forall z € R(c1,e2 € Ry > 0), and
QlQn = g<1an?n+ 1)Qn+1 +g<1anan)Qn +g(1>nan_ 1)Qn—1 (n Z 1)7

Favard’s theorem yields an orthogonal sequence admitting the nonnegative lin-
earization
QmQn = Y g(m,n,k)Qx (m,n € Zy). (%)
k>0
Finally we apply MacPherson’s theorem which says that under the assump-
tions (A) and (B) T is a standard graph T'(a,b) for all a,b > 2 with the defining
property that at every vertex of I' there are attached a copies of a complete graph
with b vertices.
Applying this standardization (Q)ncz, appears to be the sequence (Q%?)
of Cartier polynomials satisfying (x) with coefficients involving only the numbers
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a and b. These coefficients can be explicitly calculated, and they specify the con-
volution *(Q%%) in M®(Z,). The resulting convolution structure (Z , *(Q%") will
be later identified as the Cartier hypergroup attached to the distance-transitive
graph T.

For detailed arguments concerning the above discussion see, e.g., [5] and [13].

Special case. For the choices a := ¢+ 1 with ¢ > 1 and b := 2 (Z,*(Q%?))
becomes the Arnaud-Dunau hypergroup (Z.,*(Q%)) attached to the homogeneous
tree I'y of order ¢ (see [4], D 1.1.7).

3.1.2. Triangle buildings and Cartwright polynomials. A triangle building can be
viewed as a simplicial complex A consisting of vertices, edges and triangles such
that any two triangles are connected by a gallery of triangles. It will be assumed
that

(A) the graph formed by the vertices and edges of A is locally finite.

To every v in the set ' of vertices of A there is associated its type 7(v) €
{0,1,2} by the property that any triangle has a vertex of each type.

In the sequel we shall restrict ourselves to thick triangular buildings A which
enjoy the property that each edge of A belongs to the same number ¢ + 1 of
triangles. ¢ is said to be the order of A. From now on we only sketch what has
been detailed in the papers [11] and [7].

For u,v € T there exists a subcomplex A of A with u,v € A such that A
is isomorphic to a Euclidean plane tessellated by equilateral triangles. Moreover,

there are unique elements m,n € Z; and rays (ug = u,u1,...,u,), (uy =
w,uf, .., ul) in A with d(u,,v) = m, d(ul,,v) = nand 7(ui+1) = 7(u;) + 1 (
mod 3), 7(uj,,) = 7(uj) —1 ( mod 3) (¢ > 1) respectively. Since m,n are

independent of A, for v € T and m,n € Z; the set S, ,(u) consisting of all
v € T having the described properties is well defined and is such that v € Sy, (u)
if and only if u € Sy, (v).

Let G denote the group Auty(I') of automorphisms g of I' which are type-
rotating in the sense that thereisacy € {0,1,2} with 7(g(u)) = 7(u) + ¢4 (mod 3)
forallu € T

Then the stabilizer H : = Hy of any fixed 0 = vy € I" acts on S, (0) for
every n,m € Z,. Under the assumption that
(B) G acts transitively on I', and H acts transitively on each Sy, ,,(0)

we obtain the identifications
G//H = {Spm(0) : n,m € Z,} = Z3.
Now, the method exposed in 3.1.1 yields a convolution * in M®(Z?2 ) described

in terms of a sequence (Q%, ,)(m.n) e 72 of orthogonal polynomials on C? admitting
a nonnegative linearization analogous to (x) of the form

gn,n Z,l = Z g((man)v(kvl)’<r’s)> g,s'

(r,s) € Zi
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The convolution structure (Z3, *(Q%,,,)) attached to the given triangular
building A =: A, will later be made precise as the Cartwright hypergroup of
order q.

For an explicit calculation of the Cartwright polynomials see [11].

Special case. Let ¢ be a prime power and let F' be a local field with residual field
of order ¢ and valuation v. We consider the set Y := {z € F : o(z) > 0}
and fix y € Y with v(y) = 1. A lattice L in V := F? is any Y-submodule of
V' consisting of elements of the form ai;v; + asvs + asvs with ai,a2,a3 € Y,
where {v1,v2,v3} is an F-basis of V. Lattices L, L' in V are said to be equivalent
if ' = wL for some w € F. The equivalence classes [L] of lattices L in V form
the set of vertices I'r of a building A r, whose triangles consist of distinct vertices
[L1],[L2], [Ls] satisfying the inclusions Ly D Lo D Ls D wkLq. It can be shown
that the group G : = PGL(3, F) acts on A by left multiplication as a group of
type-rotating automorphisms, and the stabilizer Hy of any vertex 0 = wug of the
graph I'r acts transitively on each of the sets S, ,,(0) (n,m € Z4). For a proof
of the latter fact see [6].

3.2. Stationary random fields over hypergroups

Hypergroups are locally compact spaces K admitting a continuous convolution
(p,v) +— p* v in the Banach space M?(K) such that the convolution &, * g,
for z,y € K is a probability measure with compact (not necessarily singleton)
support, and such that the axioms of. C.F. Dunkl, R.I. Jewett and R. Spector are
satisfied. For the entire set of axioms and an extensive presentation of the theory
see [4]. Here we just note that there is an involution g + p~ in M®(K) and a
neutral element e, for some distinguished e € K. A hypergroup (K, x*) is called
commutative provided e, xey = g, * ¢, for all x,y € K.

Any analytic study on hypergroups relies on the notion of the generalized
translation of an admissible function f on K try an element x € K defined by

fla xy):=T%f(y):= / f(2)ez * ey(dz)
K
whenever y € K.

Some analysis on a commutative hypergroup

1. On K there exists a unique translation invariant measure wx € M4 (K)\{0},
called the Haar measure of K.

2. The set of characters of K consisting of all continuous mappings x : K —
D:= {z € C:| z|< 1} such that

Tx(y~) = x(=)x(y)

for all x,y € K, together with the compact open topology becomes a locally
compact space K”, the dual of K.
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There is an injective Fourier-Stiehltjes transform pu +— [ on MY(K), where
1 is given by

i(x) = /x(w)u(dx)

whenever x € K”.

. The Fourier transform f +— f establishes an isometric isomorphism

L*(K,wk) — L*(K",7k),

where the measure 7x € M, (K") serves as the Plancherel measure associ-
ated with the Haar measure wgx of K.

One observes that in general K is not a hypergroup (with respect to pointwise
composition), and that the support of mx can be strictly smaller than K”.

Clearly, any locally compact group is a hypergroup, and in the case of Abelian

groups properties 2. to 4. do not present the obstacles mentioned.

Examples of commutative hypergroups

(1)

(1.3)

If (G, H) is a Gelfand pair in the sense that the algebra of H-biinvariant func-
tions in L'(G, B(G),we) (we denoting the Haar measure of () is commuta-
tive, then K : = G//H is a commutative hypergroup (K, %) with convolution
* given by

EHzH * EHyH = / €HzhyH Wi (dh),
H

involution HxH — Haxz 'H, neutral element H = HeH (e denoting the
neutral element of G) and Haar measure

WK :/SHIHWG(d.T).
G

The choice (G, H) with H = {e} yields the case K = G of an Abelian
locally compact group.

In 3.1.1 we introduced the Cartier hypergroup (Z,,*(Q%%)) as (K, *) with
K := G//H and G/H =T Its Haar measure is given by

() = g = ala=1 01!

for all K € Z,. Moreover,
K" = {z € R: (Q%"(x)) is bounded }

can be identified with the interval [—s1, 1], where s1 satisfying the inequal-
ities —s7 < —1 < 1 < s7 can be computed in terms of a and b, and the
Plancherel measure mx admits a density with respect to Lebesgue measure
A restricted to [—1, 1] (depending on a, b).

For the Cartwright hypergroup (Z%,*(Q%, ,,)) of 2.1.2 we have the identifica-

tion with (K, *), where K := G//H and G/H is isomorphic to the graph T’
attached to the given triangle building. One notes that the involution of K is
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(m,n) — (n,m) and the neutral element is just (0,0). While Haar measure
wyg of K is easily computed as

wr({(m,n)}) = (> +q+ 1)q2(m’1) if m=0orn=0
(@ +q+1)(¢*+ q)qQ(”””’Q) if m,n > 1,

the description of K and of 7x requires more effort. In fact,
K" = {(z,2) — Qhn(2,2) 1 2z € Zy}

can be identified with the compact region Z; in C bounded by the closed
Jordan curve t +— e + (¢ + ;)eit (t € [0,27]), and the Plancherel measure

7k has a density (depending on q) with respect to A2 restricted to Z (see [11]).

It should be noted that the hypergroups in Examples (1.2) and (1.3) are spe-
cial types of polynomial hypergroups (Zi, %) in d variables the defining sequences
of polynomials being interpreted as the spherical functions of the corresponding
Gelfand pairs (see [14] and [12]).

With this portion of knowledge of hypergroup theory we are going to study
random fields X over T': = K with mean function m on K and covariance kernel
Con K x K.

A centered random field X over K is called stationary if C € C*(K x K) and
C(a,b) =T*C(b",a) = / C(z,e)eq * £y— (dx)
K

for all a,b € K. The function C; : = C(-,e) is said to be the covariance function
of X.

From the general construction layed out in Section 2.1 we know that for
any C' € C°(K) the positive definiteness of C' is equivalent to the existence of a
stationary random field over K with covariance function C. In view of the theorem
in Section 2.3 we have the following result quoted from [4], Section 8.2.

Theorem. Let X be any random field over a commutative hypergroup K with
covariance kernel C'. Then the following statements are equivalent:
(i) X is stationary.
(ii) (Spectral representation). There exists a spectral measure p € MY (K") such
that

Clat) = [ xan®n(ay

for all a,b € K.

(ii) (Karhunen representation). There exists a centered spatial random field A +—
Z(A) over T : = B(K") with orthogonal increments and base y € M?(K")
such that

X(a) = / x(a)Z(dy) foralla € K.
KN
From (iii) follows that
|| Z(A) ||3= w(A) whenever A € T.
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The theorem applies to double coset spaces arising from Gelfand pairs (G, H),
in particular to the following

Special cases
(1) G := Aut(T') for a distance-transitive graph I : = I'(a,b) and H := H, for
some 0:= tg € T (see 3.1.1).
(2) G := Auty(T") for the graph I' of vertices of a triangle building A, and
H := Hj for some 0:= vy € T (see 3.1.2).

3.3. Arnaud-Letac stationarity

Let I' : = I'; denote a homogeneous tree of order ¢ > 1 (see 3.1.1, Special case). A
centered random field X over T : = I" with covariance kernel C' is called stationary
(in the sense of Arnaud-Letac) if there exists a mapping ¢ : — R such that

C(s,t) = pld(s, 1))
where s,t € T.
Clearly, the distribution of X (as a measure on the path space C) is invariant
under the action of Aut(T").
Given a stationary random field X over I' we want to establish an isometry

HE(T) := ({X(1) : t € TY) — LA(E,€,p)

for some measure space (F, &, u), where p is related to the real spectral measure
px of X. In order to motivate the construction due to J.-P. Arnaud ([2]) we refer
to two very special situations (see [3]).
(1) For ¢ = 1 Karhunen’s approach yields the choices E := T := R/Z,¢ : =
B(T) and p equal to the spectral measure px of the random field X over Z.
The desired isometry is given by

X(n) = XTL7

where 9 — x,,(0) is the character of T defined for n € Z. The corresponding
spectral representation reads as

COX(m). X)) = [ &% u(an)

valid for all m,n € Z.

We observe in this special situation that the distribution of X is invariant under
the commutative group of translations of T. The situation of a noncommutative
invariance group as it appears, e.g., for Riemannian symmetric pairs (G, H) is
more difficult to handle as can be seen in the case of the homogeneous space
G/H =S?:= {t € R :|| t||= 1}.
(2) Let X be a centered random field over S? with state space R having covari-
ance kernel C'. We assume that there exists a continuous function 9 : I :=
[-1,1] — R satisfying

C(s,t) = 9((s,1))
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for all s, € S?. Such functions ¢ are necessarily of the form

p(z) = Y an(9)Qul2) (z € I),

n>0

where (Qn)nez, denotes the sequence of Legendre polynomials on I and

(an(@))n ez, is a sequence in R such that Z an(p) < oo. Now we intro-
n>0

duce for every n € Z, the space F, of eigenvectors corresponding to the

eigenvalue —n(n + 1) of the Laplacian on S?. Clearly, dimE,, = 2n + 1. By

{Lkpn + k € {—n,...,n}} we denote an orthonormal basis of E,, and con-

sider E,, as a subspace of L2(S? B(S?),0), where o is the unique rotation

invariant measure on S?. Then

() = 5 1 D Bals) Aral)
k=—-—n

whenever s,t € S2.
Now, let (Zk,n)k € {—n,....n} De a sequence of independent N (0, 1)-distrib-
uted random variables on (2,2, P). Then

Y= 2;\/;ffik§; Zinbrnlt) ¢ € %)

defines a random field Y over S? with covariance kernel C' given by ¢((-,-)).
Next, let

E:={(kn) €Z xZs :|k|<n}

and

pollm)) = )

for all (k,n) € E. Finally, for fixed t € S? let /\; denote the mapping
(k,n) — Ak p(t) from E into C. Then

/A¢MWZ¢WW)
E

for all s,t € S2. Linear extension of Y (t) — /\; yields the desired isometry
HE (%) — LE(B,B(E), ny)
(B(E) denoting the power set of E.)

Returning to the initially given homogenous tree I' : = I'y of order ¢ > 1 we at
first state a result analogous to the equivalence (i) < (ii) of the theorem in 3.2.

Theorem. (Spectral representation, [1]) For any centered random field X over I’
with covariance kernel C' the following statements are equivalent:
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(i) X is stationary.
(ii) There exists a unique spectral measure ux € M2 (I) such that

C(s,t) = /IQd(s,t)<x):uX<dx)

whenever s,t € I'. Here (Qy)n ez, denotes the sequence of Arnaud-Dunau
polynomials @, := Q% (n € Zy).
The announced Karhunen isometry is achieved in the subsequent

Theorem. (Karhunen representation, [2]). Let X be a stationary random field over
I" with covariance kernel C' and spectral measure I'x. Then for all s,¢ € I" one has

Cls,t) = [E A AE)u(dE).

Here (E, €, 1) denotes a measure consisting of the Cantor sphere
E:= (I’xB)u{-1,1}

of order ¢, where B is the compact space of ends of T', € its Borel o-algebra B(F)
and the measure

pi=px ® vg € ML(E),
where vy is the unique probability measure on B invariant under the compact
group of isometries stabilizing an a priori fixed vertex 0 := tq € I', with

p({=1}) = px({=1}),  w({1}) = px({1}),

and (A¢)rer denotes a set of functions E — C replacing the characters in the
hypergroup case.
Moreover, the mapping X (t) — A provides an isometry

HE(T) = L2(E, €, p).
Special case. If the spectral measure px of the random field X over I' is concen-

trated on the interval I, : = [—pg, pg| With pg : = iff, then

Quinta) = [ Aua ) (o bp(ab)
whenever = € I, the functions A; : I; x B — C being of the form
Ay(z,b) 1= (\/gexpi 19)51’((”)
with ¢ : = arccos(g”q) and

Op(s,t) := lim (d(u,s) — d(u,t)) (s,t € T).

u—b

Since

Cls,t) = / Qo (@)pix (d) = / Aoz, ) A (2, ) px (d)vo (db)
I, I,xB
for all s,t € T, the mapping X (t) — /\; is an isometry

HX(T) — L*(I, x B,B(I, x B),ux ® 1p).
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1. Wavelet multipliers
Let 7 be the unitary representation of the additive group R™ on L?(R"™) defined by
(m(&u)(z) = ¢ *u(z), @R,

for all functions u in L?(R™). The following two results can be found in the paper
[4] by He and Wong.

Theorem 1.1. Let ¢ € L*(R") N L>°(R™) be such that ||| 2@ny = 1. Then for all
functions u and v in the Schwartz space S,

(QW)_”/” (u, m(&)p) L2 (rrn) (T ()@, V) L2 (mrydE = (U, PV) L2(RN)-

Theorem 1.2. Let 0 € L>(R") and let ¢ be any function in L*(R™) N L>(R™)
such that ||| L2@ny = 1. If, for all functions u in S, we define Py ,u by

(Py, o, v) L2y = (QW)_n/n o (&) (u, m(&)p) L2 &n) (T(§) P, V) L2 @) dE, v €S,
(1.1)

This research has been supported by the Natural Sciences and Engineering Research Council of
Canada.
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then

(Pa',gaua v)LQ(R") = ((@Ta@ﬁj/? 'U>L2(Rn), u,v € Sa (12>
where T, is the pseudo-differential operator with constant coefficients or Fourier
multiplier given by

(Tru)(a) = 20) 2 [ o@)ie)de, ues, (1.3)

n

The Fourier transform @ of w in (1.3), also denoted by Fu, is chosen to be
that defined by

w(§) = (27r)*”/2/ e~ ly(x)dr, ¢ €R™
The inverse Fourier transform © of a function v in S, also denoted by F~luv, is
then given by

o(z) = (27)"/2 / T Ey(E) e, @R

Let 0 € L>(R™). Then the linear operator Py, : L*(R") — L?*(R™), defined by
(1.2) for all functions u and v in S, is in fact a bounded linear operator, and
can be considered as a variant of a localization operator corresponding to the
symbol ¢ and the admissible wavelet ¢ studied in the book [12] by Wong. Had the
“admissible wavelet” ¢ been replaced by the function ¢y on R™ given by

wo(z) =1, =zeR™,

the equation (1.1) would have been a resolution of the identity formula and the
operator Py ,, would have been a usual pseudo-differential operator with con-
stant coefficients or a Fourier multiplier. This is the rationale for calling the linear
operator P, : L*(R") — L?(R™) a wavelet multiplier.

Wavelet multipliers arise naturally as filters in signal analysis and have been
studied extensively and systematically in Chapters 19-21 of the book [12] by Wong,
the paper [13] by Wong and Zhang, and the Ph.D. dissertation [14] by Zhang.

We need in this paper another representation of the wavelet multiplier 7T, ¢
as a Hilbert-Schmidt operator on L?(R™).

Theorem 1.3. Let o € L*(R™) N L2(R™) N L>°(R"™) and let ¢ € L*(R™) N L>=(R").
If we let K be the function on R™ x R™ defined by
K(z,y) = p@)k(z —y)ely), =yeR",
where
k= (2m) "5,
then K € L*(R™ x R") and
(Top))(x) = | K(z,y) fly)dy, =e€R™
R’VL
In particular, Ty is a Hilbert-Schmidt operator.
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Proof. Since k € L= (R"),
[ Ky

Now, for all functions f in L*(R"),
(ks )" = (2m)"2kf = o f

/n / (@) k(a — ) *|p(y)[Pda dy

151200 ey 2l 22 ey < 00

IN

and hence A
k+f=(of)Y =T.f.

Therefore for all functions in L?(R"), we get

((To@)f)(x) = @)k (pf))(x)
[ e@kte =~ pet) s dy

K(z,y) f(y) dy
Rn

for all z in R". O

The motivation for this paper comes from a desire to develop “efficient” nu-
merical methods for the computations of pseudo-differential operators studied in
the books [10, 11] by Wong, among others. As wavelet multipliers are very simple,
but not trivial, pseudo-differential operators, they serve very well as test cases for
any proposed numerical methods. The aim of this paper is to obtain matrix repre-
sentations of wavelet multipliers using Theorem 1.3 and Weyl-Heisenberg frames.
We first show in Section 2 that wavelet multipliers are natural and important
pseudo-differential operators in their own right by recalling succinctly the fact in
the book [12] to the effect that the well-known Landau-Pollak-Slepian operator is
a wavelet multiplier. In Section 3, we give a brief recapitulation on the general
theory of frames in Hilbert spaces and then we reconstruct the Weyl-Heisenberg
frame, which is used in Section 4 to obtain matrix representations of wavelet
multipliers. Some simple test cases are then used in Section 5 to illustrate the
numerical computations of wavelet multipliers by implementing MATLAB 7.0 on
the corresponding truncated matrices.

2. The Landau-Pollak-Slepian operator
Let © and T be positive numbers. Then we define the linear operators Pq :

L2(R") — L2(R™) and Qp : L2(R™) — L2(R™) by

e, <,

(Paf)"(€) =
0, €l > Q,
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and
f(z), lz| < T,
0, |z| > T,

for all functions f in L?(R™). Then it is easy to see that Py : L?(R™) — L*(R")
and Q7 : L?(R") — L?(R™) are self-adjoint projections. In signal analysis, a signal
is a function f in L?(R™). Thus, for all functions f in L?(R™), the function Q1 Pq f
can be considered to be a filtered signal. Therefore it is of interest to compare the
energy HQTPQfH%Q(Rn) of the filtered signal QrPqf with the energy ||f||2Lz(Rn) of
the original signal f. In fact, we can prove that

sup ||QTPQin2(Rn
1A g

(Qrf)(z) =

). feL*RY), f+# 0} = ||PaQrPall+,

where || || is the norm in the C*-algebra of all bounded linear operators on L?(R"™).
The bounded linear operator PoQrPqo : L*(R™) — L?(R") alluded to in
the context of filtered signals is called the Landau-Pollak-Slepian operator. See
the fundamental papers [5, 6] by Landau and Pollak, [7, 8] by Slepian and [9] by
Slepian and Pollak for more detailed information.
The following theorem tells us that the Landau-Pollak-Slepian operator is in
fact a wavelet multiplier.

Theorem 2.1. Let ¢ be the function on R™ defined by

1
\/#(BQ)’ |I‘| gQa
0, x| > Q,

p(z) =

where p(Bgq) is the volume of Bq, and let o be the characteristic function on Br,
i.e,

L, 1€ < T,

0, €| > T.

Then the Landau-Pollak-Slepian operator PoQrPqo : L2(R™) — L%*(R") is uni-
tarily equivalent to a scalar multiple of the wavelet multiplier Ty : L?(R™) —
L%(R"™). In fact,

o(§) =

PoQrPo = n(Bo)F ' (¢T,¢)F.

Details on the Landau-Pollak-Slepian operator can be found in Chapter 20
of the book [12] by Wong.

3. Frames in Hilbert spaces

Frames, usually attributed to Duffin and Schaeffer [3] in the context of nonhar-
monic series, are alternatives to orthonormal bases for Hilbert spaces.
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Let {z; }j’i1 be a sequence in a separable, complex and infinite-dimensional
Hilbert space X. We denote the inner product and norm in X by (, ) and || ||
respectively. Suppose that there exist positive constants A and B such that

(o)
Allz]® <) Iz, 2;)]* < Bllz|?, =€ X.
j=1

Then we call {z;}%2; a frame for X with frame bounds A, B with the understand-
ing that A is the lower frame bound and B is the upper frame bound. The frame
is said to be tight if A = B. The frame is called an exact frame if it is no longer a
frame whenever an element is removed from it.

Of particular relevance for us in this paper are tight frames with frame bounds
1,1. This is due to the following theorem.

Theorem 3.1. Let {x;}52, be a tight frame with frame bounds 1,1. Then

o0

T = T, 2;)T; zeX.
> (@, z5)y,

j=1

It is clear from Theorem 3.1 that a tight frame with frame bounds 1,1 provides
an expansion, which is formally the same as that given by an orthonormal basis.

Frames and their applications abound in the literature. See, for instance, the
book [1] by Christensen in this connection.

We need the following result in the paper [2] by Daubechies, Grossmann and
Meyer. Since the proof is not difficult, we include a proof for the sake of being
self-contained.

Theorem 3.2. Let g € L2(R) and let a and b be positive numbers such that we can
find positive numbers A and B for which

A< gz +na)l* < B (3.1)
nez
for almost all x in R, and
supp(g) C 1,

where I is some interval with length Qbﬂ. Then {MThnag : m,n € Z} is a frame

for L*(R) with frame bounds *7* and *7P.

Proof. Let n € Z. Then
supp(f (Thag)) € In,
where I, = {x —na : x € I'}. By (3.1), g € L*(R). So, f(Thag) € L?(I,,). Now,

{ 21; E,p:m€ Z} is an orthonormal basis for L?(I,,), where

Ep(z) = b x e R.
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So,

2

Z (f(Tnag)a \/;;Emb> = Hf(Tnag)”QLZ(R) = [ |f(x)|2\g(x+na)\2d:v.

meZ L2(R)
Therefore
2 2m [
> [ Tna) Endiaceo = [ 15@Plg(o + na) P,
meZ -
Thus,
2
Z |(f, MipTrag L2(]R)| = Z |(f(Tha9): Emb) r2w)|
m,n€eZ m,neE”
2
= Z Z | nag mb)LZ(R)’
nEZ meZ
= Z/ ()] |g(x 4 na)|*dx
ne”Z
2
= [ @R X ot + o).
nez
So, by (3.1),
A 2 _27B
”f”%Z(R) < Z ’(fv Mmanag)Lz(]R)’ < b ”f”%Z(R)
m,n€eZ
and the proof is complete. O

Corollary 3.3. Let g € L*(R) be such that

S lgle + 2mn)? =

nez

for almost all x in R and
supp(g) < [0,1].
Then {MaxmTonng : m,n € Z} is a tight frame for L*(R) with frame bounds 1,1.

Remark 3.4. The frames in Theorem 3.2 and Corollary 3.3 are generated from
one single function g in L?(R) by translations and modulations. As such, they are
intimately related to the Weyl-Heisenberg group in signal analysis and hence they
are known as Weyl-Heisenberg frames. The functions g generating the frames are
called the admissible windows or wavelets. An admissible wavelet g for the tight
frame in Corollary 3.3 can be given by g = x[o,1]-
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4. Matrix representations of wavelet multipliers

Let g € L?(R) be as in Corollary 3.3. Let gmn = MazmTorng, Where m,n € Z.
Then {gmn : m,n € Z} is a tight frame for L?(R) with frame bounds 1,1. For all
integers m, n, i and v, we let Gpye be the tensor product of gy, and g, i.e.,

Gmngw (T,Y) = Gmn(2) g (y),  myn, p,v € Z.
Then we have the following proposition.

Proposition 4.1. {Gnuw : m,n, v € Z} is a tight frame for L*(R?) with frame
bounds 1,1.

Proof. Let F € L*(R?). Then

Z ’(Fv Gmnuu)Lz(R2)|2

m,n,u,VEL

/ / (@, Y)gmn (%) gy (y) do dy
= 2 X

m,n€Z p,veZ / (/_C: F(@,y)gmn(z) dx) 9w (y) dy

_ Z/ ’/mF(%y)gmn(ﬂf)dw

m,n€”z

/ / z,y)dx dy.

We can now obtain matrix representations of wavelet multipliers by means
of Weyl-Heisenberg frames. Let P, be a wavelet multiplier with symbol o and
admissible wavelet ¢ satisfying the conditions of Theorem 1.3. We know that Py ,
is the Hilbert-Schmidt operator Ag with kernel K given by

2

m,n,pu,v
2

2
dy

]

(Axf)(e / K(z,y) f(y)dy, z€R,

for all f in L?(R) and

Write
K = Z (K7 Gmnuu)LQ(R2)Gmnuu~

m,n,u,VvEL

So,
Po,Lp = Z (K7 Gm,n,u,u)Lz(Rz)AGmnuu .

m,n,pu,VeZ
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But for all f in L?(R),

(AGmn;wf)(x) = /OO gmn(x)guV(y)f(y) dy = (f, guV)LZ(R)gmn<x)

— 00

for all z in R. Thus,
Pcmpf = Z (K7 Gmn/w)Lz(Rz)(fa g,U«V)LZ(]R)gmn' (41)

m,n,u,VEL

Hence the output P, , f is given as a frame expansion. The wavelet multiplier Py ,,

is then characterized by the matrix [(K, Gmn”l’)Lz(Rz)]m,n,u,VEZ'

For every positive integer N, we can construct a numerical approximation

[Py.of]n for P, ,f by truncating the expansion (4.1) at the positive integer N,

i.e.,

[Pcmp‘ﬂN = Z (K7 Gmnuu)Lz(]Rz) (f7 g;w)Lz(]R)gmnu (42)
Iml,Inl,|ullvISN

So, the truncated wavelet multiplier [Py | x at the positive integer IV is represented

by the matrix [(K, Gnmw)Lz(Rz)]

Iml,|n|,lul,lv|<N
5. Numerical computations of wavelet multipliers

As a test case, we look at the wavelet multiplier Py , with symbol o and admissible
wavelet ¢ = x[_1,1). For simplicity, we use g = x[p,1) as the admissible wavelet to
generate a simple Weyl-Heisenberg frame. From the locations of the supports of ¢
and g, (4.1) becomes

P, f = Z Z(K, Grmouo)r2®2y | (f; 9u0) L2 (R)Gmo- (5.1)

meEZ \pHEZ

For the particular choices of ¢ and g, we get for |m|, |u| < N,

1 1
(K, G7n0u0)L2(R2) — / </ k’(.’l? _ y)eQTrimwdx) e—27riuydy- (52>
0 0

In the following examples, we illustrate the numerical computations of the
truncated wavelet multipliers [Py ,|n with two different symbols o for a positive
integer V. The numerical computations are implemented in MATLAB 7.0.

Example 5.1. Let 0 = x[_1,1). Then k is given by
k) = (20 V2o = 20 e
7r

Substituting the k into (5.2) and carrying out the integration produce the matrix
[(K, GmO,u(])L2(]R2)] il | <N for every positive integer N. Since ¢ is an even func-

tion, it can be shown that the imaginary part of (5.2) is zero. For N = 3, the
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matrix [(K, GmOHO)Lz(Rz)] |l <3 is the real 7 x 7 matrix

| 0.000  0.000  0.001 0.000 —0.001 —0.000 —0.000 ]
0.000  0.001 0.001 -0.000 —-0.001 -0.001 —0.000
0.001 0.001 0.003 -0.002 -0.003 -0.001 —0.001
0.000 -0.000 -0.002  0.311 -0.002 -0.000  0.000
—-0.001 -0.001 -0.003 -0.002  0.003  0.001 0.001
—0.000 -0.001 —-0.001 —-0.000  0.001 0.001 0.000

—-0.000 -0.000 -0.001  0.000  0.001 0.000  0.000

Example 5.2. Let o(z) = e~®"/2 z € R. Then k is given by
k(z) = (2n)"Y%6 = (2%)_1/26_“‘2/2, zeR.

Computing (5.2) numerically for N = 3, the matrix [(K, Gmou0)12(r2)] |l <3 is

the real 7 x 7 matrix
[ 0.001  0.001  0.003 —0.000 —0.003 —0.001 -0.001 ]
0.001  0.002  0.004 —-0.001 —-0.004 -0.002 -0.001
0.003  0.004  0.010 —0.008 —0.009 —0.004 —0.003
—0.000 —0.001 -0.008 0.370 —0.008 —0.001 —0.000
—0.003 —-0.004 -0.009 -0.008 0.010 0.004  0.003
—0.001 -0.002 -0.004 -0.001 0.004 0.002  0.001

—0.001 -0.001 -0.003 —0.000 0.003 0.001 0.001

Note that in both examples, the matrix [(K, Gmouo)Lz(Rz)] |l <3 is sym-
metric with respect to the diagonals through the center, i.e., the position m, u = 0,
and anti-symmetric with respect to the horizontal and vertical axes through the
center in the m-u plane. More interestingly, the value of the matrix is large at the
center and decays rapidly as the magnitudes of m and p increase. This indicates
that the truncated frame expansion (4.2) already provides good approximations
even for very small values of N.
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Clifford Algebra-valued Admissible Wavelets
Associated to More than 2-dimensional
Euclidean Group with Dilations

Jiman Zhao and Lizhong Peng

Abstract. In this paper, we consider the Clifford algebra-valued admissible
wavelets, which are associated to more than 2-dimensional Euclidean group
with Dilations. We give an explicit characterization of the admissibility con-
dition in terms of the Fourier transform, study the properties of this kind of
wavelet transform, also give a family of admissible wavelets.

Mathematics Subject Classification (2000). Primary: 42B10, 44A15.
Keywords. Wavelets, Clifford algebra.

1. Introduction

There are two branches in wavelet theory: admissible (or continuous) wavelet trans-
form and discrete orthogonal wavelets generated by multiresolution analysis. In the
classical case, Grossman and Morlet ([6]) introduced the wavelet transform in the
one-dimensional case, where the group G is the affine group ax+b. After this there
are many papers about admissible wavelets and decomposition of function space
associated with the group SL(2, R) ([7], [8], [10]). In ([9]), Murenzi generalized
this to more than one dimension.

In Clifford analysis, by using Clifford algebra, L. Andersson, B. Jawerth
and M. Mitrea constructed higher-dimensional discrete orthogonal wavelets, see
[1]. As for Clifford-valued admissible wavelets, in their paper (see [3], [4], [5]),
Brackx and Sommen studied the radial and generalized Clifford-Hermite contin-
uous wavelet transforms in R™. In ([13]), quaternion-valued admissible wavelets
have been characterized. In this paper, we consider the Clifford algebra-valued ad-
missible wavelets, give an explicit characterization of the admissibility condition
in terms of Fourier transform, we also give a family of admissible wavelets.

Research supported by NNSF of China No.10471002 and 973 project of China G1999075105.
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Now we give an overview of some basic facts which are concerned with Clifford
analysis ([2]).
The real Clifford algebra R,, over R™ is defined as:

R,={ Z xzrer:x; € R}

IC{1.2,....n}
where {e1,...,en} is an orthogonal basis of R™, and e; = e;,€;, -+ €;, with I =
{il,iQ,...,ik},il <g < e < g

The non-commutative multiplication in the Clifford algebra R, is given by:
€i€j+€j€i:725i7j, i,j:1,2,...,n
An involution on R" is defined by

€I = €4y, " €4y, €, = —€4;.

A R,-valued function f(z1,- - ,z,) is called left monogenic in an open region
Q of R™, if:

- 0
Df(x) = ; sy (@) =0,
where D = 377 ej(azj) is the Dirac operator in R". We call M, the Clifford
module of the left monogenic homogeneous polynomials of degree k, its dimension
is given by
(m+k—2)!
(m — 2)!k!
Definition Let R,, be a real Clifford algebra. A Clifford module L*(R"™, R,) is de-
noted by

dim My =

Lz(RnaRn) = {f ‘R" — Rn»f = foe]
I 1
[ () < e € v
1
The inner product of L%(R", R,,) is denoted by

(f.9)= f(x)g(z)dz.

R n

2. Clifford algebra-valued admissible wavelet transform

Let n > 2, think about the inhomogeneous group IG(n) = [Ry x SO(n)] ® R™,
the group law of IG(n) is given by

{v, 0}{v',b'} = {vv',vb" + b},
where v = ar,a > 0,7 € SO(n),b € R". The group IG(n) is a non-unimodular Lie
group with: left Haar measure a~ ("1 dadrdb.
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First we define a nature unitary representation of IG(n) in L*(R", R,). We
start by considering the operators corresponding to three types of operations that
constitute IG(n).

Given a function ¢ € L?(R", R,,), we define:

(T°¢)(x) = ¢p(x —b),z,b € R", (unitary shift operator)
D(z) =a 2 ¢(a " x), (unitary dilation operator),
R ¢(x) = ¢(r'z),2 € R", (unitary rotation operator).
Like the classical case, we have the following commutation relations:
T°D® = DT«
R'D*=D°R",
then we construct the operator
Uarp = T°DR",
with action
Uarpd(x) = a 2 ¢p(a™'r™ ! (@ — b)),

For convenience, we denote U, ,p¢(2) = ¢g.rp(z), then it is easy to check that
Ua,rp is a representation of IG(n) in L2(R", Ry,).
By the Fourier transform, we have

barp” () = a® e P Eh(ar™1E).

Like the classical case, we can prove that this representation is irreducible.
Now we define the operator Wy, on L*(R", R,,) by

L*(R",R,) — L*(IG(n),Rn,a”"tVdadrdb)
f(@) — Wyf(a,rb)

where
Wy f(a,r,b) = (Ya,rp, [)L2(rn R,)- (1)
By direct calculation, we have
Wy f(a,r,b) = @ ((ar™ () f())" (=D). (2)
The inner product of L2(IG(n),a~ ™tV dadrdb) is defined as follows:
<f7 g>L2(IG(n),R") = / f(aa r, b)g(a7 T, b)a—(n'f‘l)dad?adb, (3>
IG(n)

then the space L2(IG(n),a~"*Ydadrdb) becomes a right Hilbert R,-module.
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In order to get the reproducing formula like in the classical case, we calculate
the (Wysif, Wy9) L2(1G(n),R,)- Using (1), (2), (3), we have

Wy fsWog) = Jo™ Jsowm Jan Wof(a,r,0)Wyg(a,r,bla™"*Ddadrdb
= 1" Ssowm Jrr Wol) (@, 7.6)(Wyg)" (0., €)a= D dadrdg
= 13" Jsom Jr @ F(ar=1(€)db(ar=1(€)3(€)a™ "D dadrds
= [ FOUST™ fsopm Plar(€)(ar=(€))a dadr)j(€)ds
= Jrn FOUS™ Jso(m) lan)i(an)a™" dadn)§(€)ds
= Jin F(E) [rn W (an)id (am) n| =" dng(€)dé
On the other hand, by (1), (3), we have
Wof . Wo9) = I3 Jsogm Jrn Wl (a.r,0)Wyg(a,r,b)a” " Ddadrdb
= Jicm W f(a,,b) [pn Yo rp(@)g(z)dva™ "D dadrdb
= Jrn Uy W S (a,7, 000,y (2)a™ "D dadrdb)g(x)da
= ([1a(n) Yars( YWy f(a,r,b)a” "D dadrdb, g).

Denote

then by (4) and (5), we get

(Wi f. Wyg) = / CuF(€)3(E)de = (Cyf.g),

RTI,
thus

Cyfl(x) = / Yarp ()W f(a,r, b)a_(”+1)dadrdb
IG(n)

holds in the weak sense.

So the reproducing formula holds if and only if Cy is the inverse Clifford
number.

We call

©)v (&)
Reo €
the admissible condition, and call ¥ the admissible wavelet if it satisfies the ad-
missible condition (6), call the corresponding transform W, admissible wavelet
transform.

Cy = d¢ is the inverse Clifford number, (6)
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Denote

(©)y (&)

AW = {¢ € L*(R", R,),Cy, =
O 1

d¢ is the inverse Clifford number,}

(7)

and denote an “inner product” in AW as follows:

P(©2()

reo €™

The AW here is different from the one in [13], there the AW is a quaternion
module, while in this paper the AW is not a linear space.

The wavelet transform has the following properties: From (4) and (5), we can
get the following theorem.

(Y, o) aw = g

Theorem 1. For f(x),g(z) € L*(R", R,.), and v, o € AW,

Wy £, Weg) L2 (1G(n),R7 a—+ D dadrar) = (U, ©)) aw £, 9) L2 (R R,,)-

From Theorem 1, we know the continuous wavelet transform is an isometry,
and we also get the reproducing formula.

Theorem 2. (Reproducing formula) Let f(z) € L*(R™, R,,), ¥ € AW, then
+oo
flx)= 01;1 / Va.r s W f(a, 7, 0)b(z)a™ "V dadrdb.
0 SO(n) JR™

Proof. By (4) and (5), we can get the conclusion in the weak sense.
Denote Ay = {Wyf(z) : f € L*(R", Ry,), € AW}, then A, is a Hilbert
space with reproducing kernel.

Theorem 3. (Reproducing kernel)
Let K(a,r,d',1") be the reproducing kernel of Ay, then

K(a,r,b,a’,r',b) = cll(wa/’r/’b/,wa’rb).
Proof. From Theorem 2, we get
Wy f(a/ 7', V)
= ¢! S iy Yarsr o (@) (@)Wo f (@, 7. b)a™"Ddadrdb)da
= ¢ Jrc0m Srn Car o 0 ()0 (2)d) Wy f(a, 7, b)a~ "+ D dadrdb.
So we have the reproducing kernel

K(a, r, b, a/, T/, b) = C,;l(wa’,r’,b’ s wa,rb)-
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3. Examples of Clifford algebra-valued admissible wavelets

In this part we give the examples of admissible wavelets.
We know from ([11]) that the orthogonal basis of L?(R", R,,) is

. . 12
{pmokid) = H7n7k(x)Pl§j)(x)e 1+ .m,k € N,j<dim My},
where {P,gj)(x)} is the basis of My, i.e.,

Hayplz) = (—=2)1Ly 2 7Y ‘“””2‘2 ), when m = 21,
Horprk(z) = (—2)zL) 3 ( |x2|2 ), when m = 20 + 1.
So
/ @(m’k’j)(55)%0(7'L/’k/’j/)(33)d$ = Om,m/ Ok k05 j -
Thus

| e @pde = [ gt pag
n R

- / G0 RD) ()P le] €] ~de = 1 < +oo.
R’VL
Let 1 (™k3) (z) satisfy
[p(mka) (6)] = |p(mkd) (€)1 2

then (") (z) are admissible wavelets.
When n is even, let

PImRD (€) = €5 plmkd) (¢),
then
YRa) (1) = (—i) 5 D5 p(mkad) (z)
and they satisfy the following formula:

~(m' K ,5")

S PO (©)[¢]~md¢
= Jrn @B B gl K0 () ¢~ dg
S @5 G K5 () de
= Om,m/ Ok, k' 0j,5 -
When n is odd, let
PRI (g) = |g| 2

n+1
2

“ . _ .n+1 n+1 h
(p(m,k,j)(f) — ‘§| 5_7/ 2 (D 3 gp(m,kd))/\(f)
then

w(’fmkvj) (.’17) — CI; (_Z.";ran;rl @(’fmkvj))(aj),
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where C' is a real number,
n aon—a "1 e
()@ =mi2r )" N [ ey )
is the Riesz potential ([12]).
In this case, {w(m’k’j) also satisfy the following formula.

. . A(m/,k/,j/)
ki), ()€1 dE = Sy e85,

Rn
Denote

Amgej = AWy f(a,7,b) : f € L*(R", Ry)}.
We have the following property.

Theorem 4. For Ww(n,k,i)f(a7r, b) € Ay ki and W(p(m/,k/,i/)g(a, r,b) € Apyr s it s
(Wyom ki fs Weyanr 0. 9) L2 (1G (n), R™ a— 4+ D dadrdb) = Om,m Ok, k01,50 (f5 9) L2(Rn Ry)

Proof. We use Theorem 1 to prove the result. Both A,, 1 ; and A, i/ ;» are orthog-
onal subspaces of L?(IG(n), Ry, a~"*Ydadrdb). But we cannot get the orthogo-
nal decomposition of L?(IG(n), R™, a~™*Ydadrdb) (like in [14]), since the group
IG(n) is large in this case (n > 2).
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